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ABSTRACT
We investigate the long-term secular dynamics and Lidov-Kozai (LK) eccentricity os-
cillations of quadruple systems composed of two binaries at quadrupole and octupole
order in the perturbing Hamiltonian. We show that the fraction of systems reaching
high eccentricities is enhanced relative to triple systems, over a broader range of param-
eter space. We show that this fraction grows with time, unlike triple systems evolved
at quadrupole order. This is fundamentally because with their additional degrees of
freedom, quadruple systems do not have a maximal set of commuting constants of the
motion, even in secular theory at quadrupole order. We discuss these results in the
context of star-star and white dwarf-white dwarf (WD) binaries, with emphasis on
WD-WD mergers and collisions relevant to the Type Ia supernova problem. For star-
star systems, we find that more than 30% of systems reach high eccentricity within a
Hubble time, potentially forming triple systems via stellar mergers or close binaries.
For WD-WD systems, taking into account general relativistic and tidal precession and
dissipation, we show that the merger rate is enhanced in quadruple systems relative
to triple systems by a factor of 3.5−10, and that the long-term evolution of quadruple
systems leads to a delay-time distribution ∼ 1/t for mergers and collisions. In grav-
itational wave (GW)-driven mergers of compact objects, we classify the mergers by
their evolutionary patterns in phase space and identify a regime in about 8% of or-
bital shrinking mergers, where eccentricity oscillations occur on the general relativistic
precession timescale, rather than the much longer LK timescale. Finally, we general-
ize previous treatments of oscillations in the inner binary eccentricity (evection) to
eccentric mutual orbits. We assess the merger rate in quadruple and triple systems
and the implications for their viability as progenitors of stellar mergers and Type Ia
supernovae.
Key words: stars: kinematics and dynamics – white dwarfs – supernovae: general –
binaries: close
1 INTRODUCTION
The dynamics of hierarchical triple systems has long been
investigated. This is a special case of triple systems whose
tertiary is at a large distance, serving as a perturber of the
inner binary. At quadrupole order in the perturbing Hamil-
tonian, the eccentricity of the inner binary and the mutual
inclination between the inner and outer orbit exhibit pe-
riodic oscillations, the Lidov-Kozai (LK) oscillations, on a
? E-mail: fang.307@osu.edu
timescale much longer than both of the orbital periods (e.g.,
Lidov 1962; Kozai 1962). Starting with a high tertiary in-
clination orbit, the initially low eccentricity of the inner bi-
nary can reach a very high value. Due to the high sensi-
tivity of tidal interactions to the orbital eccentricity, this
phenomenon has many potentially interesting astrophysical
implications, such as inducing migration of planets and pro-
ducing hot Jupiters (e.g., Wu & Murray 2003; Fabrycky
& Tremaine 2007; Hamers et al. 2017), tight binaries, stel-
lar mergers, and even blue stragglers (e.g., Mazeh & Sha-
ham 1979; Eggleton & Kiseleva-Eggleton 2001; Tokovinin
© 2017 The Authors
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et al. 2006; Perets & Fabrycky 2009; Shappee & Thomp-
son 2013; Antognini et al. 2014; Naoz & Fabrycky 2014;
Antonini et al. 2016; Petrovich & Antonini 2017). The LK
mechanism and its higher-order effects have also found ap-
plications in systems with compact objects due to the strong
eccentricity dependence of the general relativistic precession
and gravitational wave (GW) dissipation. It has been pro-
posed that this mechanism could be relevant to the evolution
of intermediate-mass black holes in globular clusters (e.g.,
Miller & Hamilton 2002; Wen 2003) and super-massive black
holes in the centres of galaxies (e.g., Blaes et al. 2002; An-
tonini & Perets 2012; Naoz et al. 2013b; Stephan et al. 2016;
Hoang et al. 2017; Antonini et al. 2016).
There have also been many discussions of white dwarf
(WD) mergers as candidate progenitors of Type Ia super-
novae (SNe Ia): in this “double-degenerate scenario” (DDS),
two WDs gradually lose their orbital energy and angular
momentum via GWs before merging with each other (e.g.,
Webbink 1984; Iben & Tutukov 1984). However, the GW
energy dissipation rate suggests that the WD binaries have
to start with a compact orbit (semi-major axis a < 0.01 AU)
to merge within the Hubble time, calling for a mechanism
to produce compact WD binaries. One of the proposals is
that the orbit rapidly shrinks during the common envelope
phase, as the removal of the common envelope takes away
lots of orbital energy. Although some results from binary
population synthesis models have shown the possibility of
explaining the SN Ia rate with the DDS, they depend on
the modelling of the common envelope physics, and recent
calculations under-predict the short-time-delay SN Ia rate
(e.g., Ruiter et al. 2009).
Given the uncertainties in the derived SN Ia rate from
WD-WD binaries, it is interesting to consider the role of
triple systems, where gravitational dynamics could lead to
rapid gravitational wave driven mergers. Following work by
Blaes et al. (2002) and Miller & Hamilton (2002) in other
contexts, Thompson (2011) showed that the merger time for
WD-WD binaries can be decreased by orders of magnitude
by the Lidov-Kozai (LK) eccentricity oscillations caused by
the tertiary, and argued that most SNe Ia may occur in
hierarchical triple systems.
However, there are two potential problems with this hy-
pothesis. The first is the “inclination problem”: the LK os-
cillations that lead to a rapid WD-WD merger would have
already led to close encounters of the inner binary stars be-
fore they evolved into WDs. Thus, although triple systems
may play a role in forming the tight binaries that eventually
lead to WD-WD binaries through traditional common en-
velope evolution, the tertiary would not participate in driv-
ing the merger of the two WDs per se. The “eccentric LK
mechanism” — octupole-order oscillations that can produce
much higher eccentricities than quadrupole-order LK oscilla-
tions when the components of the inner binary have unequal
masses (e.g., Ford et al. 2000; Lithwick & Naoz 2011; Katz
et al. 2011; Naoz et al. 2013a) — could potentially exac-
erbate this issue by driving more binaries to contact during
stellar evolution (e.g., Perets & Fabrycky 2009; Naoz & Fab-
rycky 2014). In addition, Shappee & Thompson (2013) found
that mass loss can instigate the eccentric LK mechanism af-
ter the first WD forms, potentially increasing the formation
rate of tight WD-star systems. In an effort to mitigate this
issue, Antognini & Thompson (2016) investigated dynam-
ical scattering and flyby encounters as a way to generate
high-inclination triple systems after WD binary formation,
but significant uncertainty remains about the evolution of
triple systems as their components evolve.
The second “rate problem” with the triple scenario is
the same as that for the normal stellar binary channel for
tight WD-WD binaries: it is unclear if the observed SN Ia
rate can be accommodated. In the triple scenario, in order
to reach very high eccentricities, the initial inclinations are
limited to a very narrow range in secular theory, potentially
making it hard to explain the observed SN Ia rate. This issue
was partially addressed by Katz & Dong (2012) who showed
with N-body simulations that non-secular dynamics can pro-
duce“clean”, head-on collisions of WD-WD binaries in about
5% of moderately hierarchical triple systems. The possibil-
ity of such head-on collisions producing SNe was supported
by Kushnir et al. (2013), who computed explosion models
for colliding WDs. Piro et al. (2014) compared the expected
Ia luminosity function in the collision scenario, finding that
low-luminosity supernovae are preferred because of the ob-
served strong peak in the WD mass function. In contrast
with Katz & Dong (2012), Toonen et al. (2017) recently es-
timated the clean WD-WD collision rate in triples and found
it to be ∼ 2− 3 orders of magnitude lower than the observed
SN Ia rate, with an almost uniform delay-time distribution
that is inconsistent with observations. The role of mergers
(rather than collisions) in producing the observed rate and
delay-time distribution has not yet been explored.
In this paper, we calculate the secular dynamics of hi-
erarchical triple systems and quadruple systems composed
of two binaries with an eye towards addressing these “in-
clination” and “rate” problems. In particular, Pejcha et al.
(2013) showed that the fraction of quadruple systems reach-
ing high-eccentricity (high-e) is greatly enhanced compared
to otherwise identical triple systems, potentially suggesting
an increased rate for quadruples. However, because Pejcha
et al. (2013) used full few-body dynamics, their investiga-
tion of the parameter space was necessarily limited. Here,
we derive the equations for the secular evolution of quadru-
ple systems including a treatment of general relativity and
tides. We show that quadruple systems exhibit irregular be-
haviour even at quadrupole order, in contrast to the regular
LK oscillations in triples at the same order. We further show
that the high-e fraction produced by quadruple systems is
large and that it grows steadily in time, producing mergers
or collisions of WD-WD binaries. We find that the WD-WD
merger rate is ∼ 3.5 − 10 times larger than for triples, and
that the majority of the mergers are highly eccentric inspi-
rals or potentially collisions. The delay-time distribution for
both quadruples and triples follows ∼ t−1. Given the relative
fraction of observed triples and quadruples, these findings
lead us to propose that quadruples may dominate WD-WD
mergers.
We explore how the rate of mergers in quadruple sys-
tems depends on the WD masses, separation, and relative
inclinations. We classify the mergers by their evolution pat-
terns in phase space right before their orbits rapidly shrink,
and identify ∼ 8% of mergers that experience a previously
unidentified “precession oscillation” phase at the beginning
of their orbital shrinking.
An important component of the problem for both triples
and quadruples is the role of non-secular dynamics. In
MNRAS 000, 1–32 (2017)
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Figure 1. Illustration of a “2+2” hierarchical quadruple star sys-
tem. Masses m0 and m1 form “inner binary A” with separation r1,
m2 and m3 form “inner binary B” with separation r2, and their
centres of masses orbit each other in the “mutual” orbit with sep-
aration r . We focus on systems where r1, r2  r .
particular, rapid eccentricity oscillations occurring on the
timescale of the mutual or outer orbit — “evection” — can
cause large perturbations to the angular momentum of the
inner binary while it is at high eccentricity (e.g., Ivanov
et al. 2005; Katz & Dong 2012; Antonini & Perets 2012;
Bode & Wegg 2014; Antognini et al. 2014). Previous treat-
ments have either relied on fully dynamical calculations or
analytic expressions derived in limiting cases. We generalize
these previous analytic investigations to arbitrary mutual
eccentricity, and assess evection for the merger and collision
rate of both triple and quadruple systems over the range
of semi-major axis ratios we explore. We find that evection
slightly enhances the merger rates, but may have a more
substantial effect on the nature of the merger (e.g., whether
head-on collisions or gravitational wave-driven mergers).
The remainder of this paper is organized as follows. In
§2, we discuss the secular effects we have considered in this
work. In §3, we compare the secular results from quadruple
systems to the triple systems and discuss the new features
we find in quadruple systems that could lead to important
astrophysical implications. Then, in §4, we apply our cal-
culations to the “quadruple scenario” of WD mergers and
show how it can shed light on the SN Ia rate puzzle. We
discuss the role of evection in §5. Finally we summarize our
results and discuss the caveats and limitations of our work
in §6. We tabulate the coefficients in the octupole perturba-
tion formula in Appendix A. Descriptions and tests of our
secular code are presented in Appendix B. The physics of a
“precession oscillation” phenomenon in some WD mergers is
explained in Appendix C. Detailed calculations pertaining
to evection are described in Appendix D.
2 SECULAR THEORY
The “2 + 2” hierarchical quadruple system is composed of
two binary systems, with their centres of mass C1 and C2
Figure 2. Illustration of the orbital elements. The orbital plane
intersects the reference plane xˆ − yˆ along the line of nodes with
the direction of ascending node denoted by Ωˆ. h defines the argu-
ment of ascending node with respect to the reference plane, and g
defines the argument of periastron in the orbital plane. The angle
between the orbital angular momentum G and the z−axis defines
the inclination i, which is also the angle between the reference
plane and the orbital plane.
separated by r, as shown in Fig. 1. The mutual orbit has pa-
rameters: a, i, e, g, and h, representing the semi-major axis,
the inclination between the orbit and the reference plane in
the rest frame, the eccentricity, the argument of the perias-
tron, and the argument of the ascending node, as illustrated
in Figure 2. Each of the (inner) binary systems has a much
smaller orbit. The first one (we call it inner orbit A) is com-
posed of masses m0 and m1 and separation r1, and has orbital
parameters: a1, i1, e1, g1, and h1; while the second one (i.e.
inner orbit B) is composed of masses m2 and m3 and separa-
tion r2, and has parameters: a2, i2, e2, g2, and h2. Note that
a1, a2  a, as defined by the “hierarchical” assumption. We
also define the inclinations between the inner orbits and the
mutual orbit as iA and iB, respectively.
In this section, we introduce the secular effects we have
considered, including up to octupole order in the expansion
of the Hamiltonian (§§2.1,2.2), general relativistic precession
(§2.3) and dissipation (§2.5), and tidal precession (§2.4) and
dissipation (§2.6). At the end (§2.7), we will discuss other
effects that we have ignored and justify why they will not
jeopardize our results. The role of the non-secular effect,
evection, will be considered in §5.
MNRAS 000, 1–32 (2017)
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2.1 Newtonian gravity and quadrupole order
interactions
In the point-mass limit, the Hamiltonian of the quadruple
system is given by
H = −Gm0m1
2a1
− Gm2m3
2a2
+ Tout + V02 + V03 + V12 + V13 , (1)
where Tout is the kinetic energy of the mutual orbital motion
and Vi j = − Gmim jri j are the gravitational potential energy
between two objects in different inner orbits. The first two
terms on the right-hand side are equal to the total energy of
the inner Keplerian orbits, where G = 4pi2 AU3 yr−2 M−1 is
Newton’s constant.
We can write the Hamiltonian of the system as an ex-
pansion in terms of α1 ≡ a1/a and α2 ≡ a2/a. Keeping terms
up to quadrupole order O(α21),O(α22), the Hamiltonian re-
duces to
H = − Gm0m1
2a1
− Gm2m3
2a2
− GmAmB
2a
− G
a
( a
r
)3 [
α21S1
(
r1
a1
)2
(3 cos2 Φ1 − 1)
+ α22S2
(
r2
a2
)2
(3 cos2 Φ2 − 1)
]
, (2)
where mA = m0 +m1 and mB = m2 +m3 are the masses of the
inner binaries; S1 = m0m1mB/mA and S2 = m2m3mA/mB are
coefficients; and cosΦ1 ≡ rˆ1 · rˆ and cosΦ2 ≡ rˆ2 · rˆ represent
angles between the separation vectors, with rˆ1 being the unit
vector pointing from m0 to m1, rˆ2 pointing from m2 to m3,
and rˆ pointing from C1 to C2. (See e.g., Harrington 1968
and Ford et al. 2000 for similar derivations.)
We adopt Delaunay’s canonical angle variables: l1, l2, l
(mean anomalies); g1, g2, g (arguments of periastron); and
h1, h2, h (longitudes of ascending node) for both of the inner
orbits (with subscripts“1”and“2”respectively) as well as the
mutual orbit (without a subscript). Their conjugate actions
are related to the orbital elements via
L1 = m0m1
√Ga1/mA, G1 = L1√1 − e21, H1 = G1 cos i1,
L2 = m2m3
√Ga2/mB, G2 = L2√1 − e22, H2 = G2 cos i2,
L = mAmB
√Ga/M, G = L√1 − e2, and H = G cos i,
(3)
where M ≡ mA+mB is the total mass of the system (Murray
& Dermott 2000). The Hamiltonian can then be written as
H = − β
2L2
− β1
2L21
− β2
2L22
− 8B1
(
L41
L6
) (
r1
a1
)2 ( a
r
)3 (3 cos2 Φ1 − 1)
− 8B2
(
L42
L6
) (
r2
a2
)2 ( a
r
)3 (3 cos2 Φ2 − 1) , (4)
where the coefficients are
β1 = G2 (m0m1)
3
mA
, β2 = G2 (m2m3)
3
mB
, β = G2 (mAmB)
3
M
,
B1 =
G2
16
(mAmB)7
(m0m1M)3
, and B2 =
G2
16
(mAmB)7
(m2m3M)3
. (5)
Only the last two terms in Eq. (4) represent quadrupole
order corrections due to the “monopole-quadrupole” interac-
tion between the two inner orbits1, i.e.
H = H (Kepler)mutual +H
(Kepler)
1 +H
(Kepler)
2 +H
(quad)
1 +H
(quad)
2 , (6)
where the Kepler terms do not contribute to the secular
equations of motion since the short-period motions will be
averaged out and the angles l1, l2, l will become cyclic, leaving
their conjugate momenta invariant.
After averaging over the inner binary orbits and the
mutual orbit, the quadrupole part H (quad)1 becomes
H (quad)1 = −
B1L41
8G3L3
×{
3 sin2 i
[
10e21(3 + cos 2i1) cos 2g1 + 4(2 + 3e21) sin2 i1
]
cos 2∆h1
+ (1 + 3 cos 2i)
[
(2 + 3e21)(1 + 3 cos 2i1) + 30e21 cos 2g1 sin2 i1
]
+ 12(2 + 3e21 − 5e21 cos 2g1) sin 2i sin 2i1 cos∆h1
+ 120e21 sin 2g1 sin 2i sin i1 sin∆h1
−120e21 sin 2g1 sin2 i cos i1 sin 2∆h1
}
, (7)
where ∆h1 ≡ h1 − h , and H
(quad)
2 has the same form with the
subscript “1” substituted with “2”.
The equations of motion can be acquired by expressing
the averaged Hamiltonian in terms of the canonical vari-
ables listed in Eq. (3), and applying Hamilton’s equations.
Note that the averaged quadrupole order Hamiltonian2 only
depends on ∆h1 and ∆h2 due to the conservation of the pro-
jected total angular momentum Htot ≡ H1 + H2 + H, which
leads to a simplification to the equations of motion, i.e.
ÛH(quad) = − ÛH(quad)1 − ÛH
(quad)
2 . (8)
2.2 Octupole order interactions
The octupole-monopole interaction between inner orbit A
and B vanishes when stars in the inner binary A have the
same mass, due to the parity symmetry of the gravitational
potential of the inner binary A. (This holds for any odd-`
moment of binary A.)
Similar to the treatment of the quadrupole in §2.1, the
octupole order gives two additional terms in the Hamilto-
nian, H (oct)1 and H
(oct)
2 . We focus on the first octupole term,
which corresponds to the inner orbit A interacting with the
mutual orbit (H (oct)2 is similar). We have that
H (oct)1 = −2C1
(
L61
L8
) (
r1
a1
)3 ( a
r
)4 (
5 cos3 Φ1 − 3 cosΦ1
)
, (9)
1 The Hamiltonian of each inner orbit part is expanded into a
series of terms, where the monopole moment is the Kepler term,
and the dipole moment vanishes since it is taken around the cen-
tre of mass. Thus, the lowest order perturbation terms are the two
“monopole-quadrupole” terms and the next order are “monopole-
octupole” terms, which will be discussed in §2.2. At higher or-
der there would be two “monopole-hexadecapole” terms and one
“quadrupole-quadrupole” term, the latter of which could produce
orbital resonances, but we will leave these terms to a future work.
2 This is true for any order.
MNRAS 000, 1–32 (2017)
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where3
C1 ≡ G
2(mAmB)9(m0 − m1)
4(m0m1)5M4
. (10)
After double-averaging, we can write the Hamiltonian in the
form of
H (oct)1 = λ1 f (G)
3∑
m=−3
(
A(m) cosmh + B(m) sinmh
)
×
(
A(m)1 cosmh1 + B
(m)
1 sinmh1
)
, (11)
where the prefactors are defined as λ1 ≡ 15C1L61/2048L4 and
f (G) ≡
√
L2 − G2/G5. In the Fourier series, the coefficients
A(m) and B(m) are functions of g and i only, and A(m)1 , B
(m)
1
are functions of e1, g1 and i1 only. Their explicit expressions
are listed in Appendix A. Note that for any m, we have the
relation
A(m) = B(−m) , (12)
which is guaranteed by the fact that the potential is real and
rotationally invariant.4
The corresponding contribution to the equations of mo-
tion is easier to evaluate in this “separated” form. It is not
necessary to rewrite the Hamiltonian in Eq. (11) solely in
the canonical variables. Instead, we can use the Jacobian to
show
Ûg(oct)1 = −
G1
e1L21
∂H (oct)1
∂e1
+
1
G1 tan i1
∂H (oct)1
∂i1
,
Ûh(oct)1 = −
1
G1 sin i1
∂H (oct)1
∂i1
, and
Ûh(oct) = − 1
G sin i
∂H (oct)1
∂i
− 1
G sin i
∂H (oct)2
∂i
, (13)
while the other equations keep the canonical form. The ad-
ditional equation is
ÛG(oct) = − ∂H
(oct)
1
∂g
− ∂H
(oct)
2
∂g
. (14)
Note that this is non-zero, so whereas the magnitude of
the angular momentum of the mutual orbit is conserved at
quadrupole order, it is not conserved at octupole order.
2.3 First-order Post-Newtonian (1PN) corrections
The general relativistic (GR) corrections to a binary star
orbit can be expanded in inverse powers of c. Expanding
the corresponding Hamiltonian of the binary system in such
metric up to order 1/c2 gives the so-called 1PN correction,
which sources the leading part of the GR precession.
3 Note that C1 here corresponds to β3 in, e.g., Ford et al. (2000)
or Naoz et al. (2013a), for triple cases.
4 One can rewrite H(oct)1 as
∑`
m=−` 〈O∗`m 〉 〈O1,`m 〉eim∆h1 , whereO`m, O1,`m are moments from mutual and inner orbit A, respec-
tively, and ` = 3.
In the centre-of-mass frame, the 1PN Hamiltonian cor-
rection of the orbit A is given by (e.g., Damour 2014)
c2H (1PN)1 =
µ1
8
(3ν1 − 1)
p40
µ41
−
[
(3 + ν1)
p20
µ21
+
ν1
µ21
p2r0
]
µ1GmA
2r1
+
µ1G2m2A
2r21
,
(15)
where p0 is the momentum of star “0” relative to the centre
of mass of the binary, and the radial component is defined
as pr0 ≡ −p0 · rˆ1. The reduced mass is µ1 ≡ m0m1/mA and
we use the mass parameter
ν1 ≡ µ1mA =
m0m1
m2
A
≤ 1
4
. (16)
After averaging over the orbit and dropping the constant
terms (since they do not affect the equations of motion), we
obtain the effective averaged 1PN Hamiltonian
H (1PN,eff)1 = −
3G2µ1m2AL1
c2a21G1
, (17)
which leads to an additional orbital precession
Ûg(1PN)1 =
∂H (1PN,eff)1
∂G1
=
3(GmA)3/2
c2(1 − e21)a
5/2
1
. (18)
The expression for the inner orbit B is similar.
2.4 Tidal precession
In the case of stars approaching each other during a close
periastron passage, the point-mass assumption is no longer a
good approximation, and the initially spherical stars are de-
formed due to the tidal forces exerted by their companions.
This leads to a correction in their gravitational potential,
hence in their Hamiltonian.
Let Ri be the radius of star mi . Star m0 develops a quasi-
static quadrupole moment ∼ k0m1R50/r31 (Blanchet 2014),
where r1 is the distance between the two stars and k0 is
the dimensionless Love numbers of the two stars5, which de-
pends on their internal structure. The resulting Hamiltonian
correction for the orbit A is given by
H (tide)1 = −
G
r61
(m20k1R51 + m21k0R50) . (19)
The orbit average is
H (tide)1 = −
G
a61(1 − e21)9/2
(
m20k1R
5
1 + m
2
1k0R
5
0
) (
1 + 3e21 +
3
8
e41
)
,
(20)
which leads to an additional precession rate (Wu & Murray
5 The tidal Love number, associated with quadrupole moment,
is usually denoted as k2. Here we drop the subscript “2” for sim-
plicity. We take k = 0.01 for WDs (Prodan & Murray 2012) and
k = 0.0138 for main-sequence stars (Claret 1995; Lanza et al.
2011).
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2003; Fabrycky & Tremaine 2007):
Ûg(tide)1 =
15(GmA)1/2
a13/21 (1 − e21)5
(
m0
m1
k1R
5
1 +
m1
m0
k0R
5
0
) (
1 +
3
2
e21 +
1
8
e41
)
.
(21)
2.5 Gravitational wave dissipation
Due to the gravitational wave emission, the orbits gradually
dissipate their energy and angular momenta. The orbital
averaged dissipation rates are given by Peters (1964). Con-
verted into our notation, the relevant equations of motion
for the inner orbit A are
ÛL(GW)1
L1
= − 32G
3m0m1mA
5c5a41
(
1 − e21
)7/2 (1 + 7324 e21 + 3796 e41) ,
ÛG(GW)1 = −
32G7/2(m0m1)2m1/2A
5c5a7/21
(
1 − e21
)2 (1 + 78 e21) , and
ÛH(GW)1 = ÛG
(GW)
1 cos i1 . (22)
2.6 Tidal dissipation
Tidal dissipation is much more complicated due to the exis-
tence of various types of tidal interaction mechanisms. In
principle, the tides are categorized into the “equilibrium
tides” and the “dynamic tides.”
In the “equilibrium tide” models, the star is deformed
to be roughly in equilibrium with the time-dependent poten-
tial of the system, and the viscosity of the stars dissipates
the energy in the motion of the tides (e.g., Darwin 1880;
Alexander 1973; Hut 1980, 1981, 1982; Eggleton et al. 1998).
At the end, the orbit is circularized and the spins of the stars
are aligned with the orbital axis. However, the tidal dissi-
pation rate via this channel is very small in well-separated
binaries. The circularization timescale can be estimated by
(e.g., Hut 1981)
τe ≡ − e1Ûe1
∼
R30
GmAτ
(
a1
R0
)8
∼ P1
(
a1
R0
)5 P1
τ
∼ Q
n1
(
a1
R0
)5
>
1017
n1
, (23)
where τ is the time lag introduced by tidal dissipation and
P1 and n1 are the period and mean motion of inner orbit A.
The tidal Q ∼ P1/τ is of order 107 for C/O WDs (e.g., Piro
2011; Burkart et al. 2013). The ratio of orbital sizes a1/R1 is
assumed to be larger than 100 due to the assumption that
binaries are well-separate initially. The result shows that the
circularization timescale due to equilibrium tides is longer
than 1017 inner orbital periods, i.e. much longer than the
Hubble time with a1 ∼AU. Thus, we neglect dissipation via
equilibrium tides.
When one of the inner orbits is at high eccentricity,
the tidal dissipation via dynamical tides (e.g., Zahn 1975;
Fabian et al. 1975; McMillan et al. 1987; Goldreich & Nichol-
son 1989; Kochanek 1992) may become dominant, especially
when the tidal capture mechanism proposed by Fabian et al.
(1975) occurs. During the close encounter near periastron,
the time-dependent tidal forces will excite non-radial oscil-
lation modes in the stars and transfer energy from the or-
bit into stellar oscillations. A consequence is that the semi
major-axis gradually decays while the orbit is circularized.
Press & Teukolsky (1977) derived a general formula for this
energy transfer rate during a close periastron passage in
the parabolic limit, and numerically computed the results
for a polytropic stellar model with index n = 3, which is
appropriate for massive stars (approximately constant en-
tropy, radiation pressure dominated) or WDs near Chan-
drasekhar limit (i.e. relativistic electron gas). For low mass
main sequence stars (with approximately fully convective
monatomic gas) or normal WDs (i.e. non-relativistic degen-
erate electron gas), n = 3/2 is a better approximation (e.g.,
Gingold & Monaghan 1980; Giersz 1986). In the work pre-
sented here, we implemented the fitting formula provided in
Appendix B of Giersz (1986).
Our approach to tidal excitation at periastron assumes
that the excited modes of the stars decay via either linear
or non-linear damping before the next periastron passage so
that it does not then feed energy back into the orbit. If this
turns out not to be the case for a given system, the next step
would be an analysis of coupling the orbit to the dominant
modes of the star (see e.g., Vick & Lai 2017 for a recent
exploration of the possible dynamics6).
2.7 Spin
We neglect the spins of the stars due to the dominance of the
tidal effects at high eccentricities. We compare the precession
rate due to the rotational (oblate spheroid) deformation of
the stars to the precession rate caused by tidal deformation,
which contains many of the same factors. Wu & Murray
(2003) provides the rotational precession rate for equatorial
orbits and the m1  m0 case:
Ûg(rot)1 =
1
2
n1
k1
(1 − e21)2
(
Ω1
n1
)2 m0
m1
(
R1
a1
)5
, (24)
where n1 is the mean motion of inner orbit A and Ω1 is the
rotation angular frequency of the star m1. In general there
is a similar term corresponding to the distortion of the star
m0 due to its companion. At high-e, the ratio between the
rotational precession rate (Eq. 24) and the tidal precession
rate (Eq. 21) is estimated by
Ûg(rot)1
Ûg(tide)1
∼ Ω
2
1
n21
(1 − e1)3 ∼
Ω21
Ûf 2p
, (25)
where Ûfp is the orbital frequency at the periastron. Since
the tidal effects are only important at very high-e, Ω1 can
be orders of magnitude smaller than Ûfp. For tidal effects to
be important in stellar binaries, we take e1 = 0.997, orbital
period P1 = 10 yrs, then Ûf −1p ∼ 0.6 day, which is much smaller
than the rotation period of most of solar-like stars (∼ 24
days). For WDs, which are about 10−2 times smaller than
the Sun in radius, we take 1− e1 = 0.003×10−2 and the same
orbital period, then Ûf −1p ∼ 50 s, still smaller than the typical
WD rotation period, i.e. ∼ 102 − 103 s (e.g., Kawaler 2004).
For these reasons, we can neglect the stellar spins.
6 Our assumption is equivalent to Eq. (26) of Vick & Lai (2017).
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During the close passage, WDs can be spun up by dy-
namical tides due to the angular momentum transfer asso-
ciated with energy injection. Since we used a non-spinning
calculation of the tidal excitation during the encounter, we
have to check that the WD rotation velocity remains small
compared to the pattern speed of the excited modes (mainly
the f -modes). During each passage, the energy injected to
some oscillation mode (with frequency ω, moment m, pattern
frequency Ωp = ω/m) is of order ∆Emode ∼ Gm0m1∆(1/a1),
corresponding to an angular momentum change ∆Gmode =
∆Emode/Ωp, hence a spin angular velocity change of Star “1”
by ∆Ω1 ∼ ∆Gmode/(m1R21). Thus, we have
∆Ω1
Ωp
∼ Gm0∆(1/a1)(R1Ωp)2
∼ R1
a1
∆a1
a1
 ∆a1
a1
, (26)
where we have used in the second step that the pattern speed
for the f -mode is of order the Keplerian speed [Gm0/R31]1/2.
We conclude that in the time it takes to dissipate the orbital
energy, the WD is spun up to a speed  Ωp, and it is indeed
safe to neglect its spin.
2.8 Non-secular effects
Recent work has shown the“double-averaging”of the Hamil-
tonian can fail to describe the long-term evolution of LK cy-
cles in moderately hierarchical systems (e.g., Katz & Dong
2012; Bode & Wegg 2014; Antognini et al. 2014; Luo et al.
2016). The failure of double averaging has been historically
important in the problem of lunar motion, where the ra-
tio of outer to inner periods is PSun−Earth/PEarth−Moon ∼ 12.
For example, the rate of precession of the Moon’s perigee
due to solar perturbations is roughly twice that predicted
by double-averaging (e.g., Bodenmann 2010). We will dis-
cuss non-secular effects in §5, with a particular emphasis on
evection (a short-term variation of the inner binary’s eccen-
tricity) due to its potential impact on close encounters.
3 SECULAR EVOLUTION OF QUADRUPLE
VERSUS TRIPLE SYSTEMS
The evolution of quadruple systems is generally much more
irregular than triple systems (e.g., Hamers et al. 2015;
Vokrouhlicky´ 2016; Hamers 2017; Hamers & Lai 2017). To
explore the secular evolution of these systems, we wrote our
secular code, which is described and tested in Appendix B.
In this section, we first use three special systems with in-
creasing complexity to show the qualitatively different evo-
lution patterns of quadruple systems from that of triple sys-
tems (§3.1). Then, we run systems with random orientations
and highlight some important features of the evolution in
quadruple systems (§3.2-3.6), which illuminate our explo-
rations of the astrophysical implications presented in the
next section. Finally, we run systems with orbital sizes and
shapes sampled from given distributions, confirming our re-
sults over a large range of parameter space (§3.7).
Only taking quadrupole order terms in the Hamiltonian
and ignoring any other effect such as GR and tides, the ad-
ditional degrees of freedom introduced by the second inner
binary system makes the evolution of the whole system ir-
regular. It is well-known that in the secular + quadrupole
approximation, the triple problem is integrable (see e.g.,
Elements Inner Orbit Outer Orbit
e 0.1 0.3
a 10AU 1000AU
i 50◦ 10◦
g 0 0
h 0 180◦
Table 1. The initial orbital elements of a hierarchical triple sys-
tem consisting of three 1M stars, discussed in §3.1.1. The initial
inclination between the inner and outer orbit is 60◦.
Harrington 1968, but also the discussion in §3 of Naoz et al.
2013a). This is because in the orbit-averaged problem, where
each orbit has 2 non-trivial degrees of freedom7, the triple
system has 4 degrees of freedom and 4 commuting constants
of the motion: the perturbation Hamiltonian H (quad)1 ; the
z-angular momentum H +H1; the squared total angular mo-
mentum8 G2tot; and the outer angular momentum G. The first
three of these are conserved due to time and rotational sym-
metry, and the last is due to the accidental axisymmetry of
the quadrupolar tidal field of a Keplerian orbit. The fourth
star adds two degrees of freedom but no new commuting
constants of the motion. Since the additional precession and
dissipation effects are only important at high-e, we can safely
ignore them first and get a general understanding of how the
quadruple systems could behave differently from the triple
systems before the high eccentricities are reached. As a sum-
mary, we find a much enhanced high-e fraction in quadruple
systems comparing to its triple limit. This result holds for
different mass ratios, orbital sizes and initial shapes.
3.1 Examples
In this subsection, we explore three types of systems: (1)
triple systems (§3.1.1); (2) [Star-Planet]-[Star-Star] systems
(§3.1.2); (3) “4-Star” systems (§3.1.3). In each case, we will
only include their secular effects from the Hamiltonian ex-
pansion up to octupole order and ignore the GR and tidal
effects.
3.1.1 Triple systems
Hierarchical triple systems have a rather regular secular evo-
lution. Here we assume the system consists of three 1 M
stars with initial orbital elements listed in Table 1. The
eccentricities of the inner and outer orbit and their mu-
tual inclination are shown in Figure 3. The periodic oscil-
lations of the inner eccentricity and the inclination are due
to quadrupole order Hamiltonian, which leads to LK oscilla-
tions. The oscillations are in antiphase due to the conserva-
tion of the total angular momentum. The octupole order ef-
fect vanishes since the inner binary stars have equal masses.
As a result, the outer orbit eccentricity is unchanged.
7 We count an angle and its conjugate action as a single degree
of freedom, as usual in Hamiltonian mechanics.
8 The explicit expression in terms of actions and angles can be
built from the law of cosines:
G2tot = G
2 +G21 + 2[HH1 +
√
(G21 − H21 )(G2 − H2) cos(h1 − h)].
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Figure 3. The evolution of the triple system discussed in §3.1.1.
The upper panel shows the eccentricities of the inner and outer
orbits, while the lower panel shows the inclination between the
inner and outer orbits. The system exhibits the regular LK os-
cillation. The initial orbital elements of this example system are
listed in Table 1.
3.1.2 [Star-Planet]-[Star-Star] systems
The simplest non-trivial quadruple system is the [Star-
Planet]-[Star-Star] system, i.e. adding a planet (nearly a test
particle) to the triple stellar system. We assume the [Star-
Planet] pair as the inner orbit A and the stellar pair as
B. The stars are solar-mass and the planet has one Jupiter
mass, i.e. 0.001M. The initial orbital elements are listed
in Table 2. The eccentricities of the two inner orbits and
outer orbit and their mutual inclinations are shown in Fig-
ure 4. Since the planet mass is negligible comparing to the
stars, the orbital evolution of the stellar binary is expected
to behave like that in a triple stellar system, i.e. exhibiting
the regular LK oscillation as in §3.1.1. However, the planet
evolves rather irregularly, due to the fact that its “Kozai ac-
tion” is not constant even at the test particle limit (TPL)
and quadrupole order (e.g., Hamers 2017; Hamers & Lai
2017) (see §B3 for the conservation of Kozai action in triple
systems).
3.1.3 “4-Star” systems
The general “4-Star” systems behave rather chaotically. We
assume the 4 stars are all solar-mass, and their initial el-
ements are listed in Table 3. The eccentricities of the two
inner orbits and outer orbit and their mutual inclinations
are shown in Figure 5. It is interesting to see that in this
example, one of the stellar binaries achieves very high ec-
centricity on a very long timescale, which is not possible
for its equivalent triple system (i.e. having a tertiary with
mass 2M) with the same initial inclination. This opens the
question of how much the fraction of systems evolving to
Elements Inner Orbit A Inner Orbit B Mutual Orbit
e 0.1 0.1 0.3
a 10AU 15AU 1000AU
i 50◦ 50◦ 10◦
g 0 0 0
h 0 0 180◦
Table 2. The initial orbital elements of a hierarchical quadruple
system, discussed in §3.1.2. The inner orbit A consists of a solar-
mass star and a Jupiter-mass planet and the orbit B consists of
a pair of solar-mass stars.
Elements Inner Orbit A Inner Orbit B Mutual Orbit
e 0.1 0.1 0.3
a 10AU 15AU 1000AU
i 50◦ 70◦ 10◦
g 180◦ 0 0
h 0 0 180◦
Table 3. The initial orbital elements of a “4-star” quadruple sys-
tem, discussed in §3.1.3. Both of the inner orbits consist of a pair
of solar-mass stars.
high eccentricity is enhanced in quadruple systems relative
to triples. We will explore the answer in the following sub-
sections.
3.2 Enhanced high-e fraction
The fraction of systems that can reach high eccentricities is
highly enhanced in the quadruple systems comparing to the
triple systems.
For quadrupole order approximation of the test particle
limit (TPL) of the inner companion on an initially circular
orbit, the LK oscillation produces a maximal eccentricity
of the inner orbit, given by (e.g., Lidov 1962; Kozai 1962;
Lidov & Ziglin 1976; Innanen et al. 1997; Kinoshita & Nakai
1999; Blaes et al. 2002; Wen 2003; Naoz et al. 2013a)
ein,max =
√
1 − 5
3
cos2 i0 , (27)
where i0 is the initial inclination angle between the inner
orbit and the outer orbit. In order to reach an eccentricity
higher than ein,max, a high initial inclination is required, i.e.
cos2 i0 ≤ 3(1 − e2in,max)/5. Thus, the fraction to reach this in
an ensemble of systems with randomly oriented inner and
outer orbits is
ftriple,TPL =
√
3
5
(
1 − e2in,max
)
. (28)
For non-zero initial ein with Lin  Lout, the relation still
holds9. For Non-TPL triple systems, retrograde systems
have a higher chance to reach high eccentricities (e.g., Lidov
& Ziglin 1976; Naoz et al. 2013a).
9 Here we denote ein, eout as the eccentricities of the inner and
outer orbits of triple systems, itot as the mutual inclination angle.
From the angular momentum conservation of Gtot and Gout and
the energy conservation, at maximal ein we have (Naoz et al.
MNRAS 000, 1–32 (2017)
Hierarchical quadruple systems 9
0.00
0.25
0.50
0.75
1.00
e
inner A inner B mutual
0 50 100 150 200 250 300 350 400
t [Myr]
40
60
in
cl
in
at
io
n
[d
eg
]
Figure 4. The evolution of the quadruple system ([Star-Planet]-[Star-Star]) discussed in §3.1.2. The upper panel shows the eccentricities
of the inner and outer orbits, while the lower panel shows the inclinations between the two inner orbits and the outer orbit. The inner
orbit B exhibits the regular LK oscillation, while orbit A evolves irregularly. The initial orbital elements of this example system are listed
in Table 2.
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Figure 5. The evolution of the “4-star” system discussed in §3.1.3. The upper panel shows the eccentricities of the inner and outer orbits,
while the lower panel shows the inclinations between the two inner orbits and the outer orbit. Both of the inner orbits evolve irregularly,
and one of them reaches very high eccentricities that its equivalent triple counterpart system will not be able to reach with the same set
of initial orbital elements. The initial orbital elements of this example system are listed in Table 3. Note that the high eccentricity shown
in the plot is significantly more than sufficient for the stars to collide.
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When the inner binary stars have different masses, the
octupole order term adds complexity. Some previous work
has shown its effect on the eccentricity evolution (e.g., Ford
et al. 2000; Katz et al. 2011; Lithwick & Naoz 2011; Naoz
et al. 2013a), including the enhancement of the high-e frac-
tion.
In quadruple star systems, three (instead of two) orbits
interact with each other, making it hard to derive a relation
as simple as Eq. (27). It is not even clear whether there is an
upper limit of e1 less than 1, associated with any initial con-
figuration. Pejcha et al. (2013) has shown that the fraction
of systems that reach high eccentricity is greatly enhanced
in quadruple systems for several initial conditions with N-
body simulations. However, full dynamical simulations are
too computationally expensive to explore the huge range of
the parameter space and for durations comparable to the
age of the Universe.
As an example, we employ the secular code for 105 sys-
tems with random orientations. The effects considered are
the two quadrupole order perturbation terms (GR and tidal
effects will be considered in §4). We take 4 main sequence
stars with initial orbital configurations listed in Table 4.
Due to the isotropy of space, we can always choose an in-
ertial frame with the coordinate axes in which the initial
orientation of the mutual orbit (or one of the inner orbits)
is fixed, thus reducing the parameter space of the initial
conditions. Without loss of generality, we take i = 0.1 rad
and g = h = 0. The initial values for cos i1 and cos i2 are
drawn randomly from range [−1, 1], while g1, g2, h1, and
h2 are drawn randomly from range [0, 2pi]. As a result, the
cosines of the inclination angles cos iA and cos iB are also
uniformly distributed in range [−1, 1]. Each system runs for
10 Gyr if it is not stopped by meeting the criterion that the
periastron distance of one inner orbit is less than 3 times
the sum of two stars’ radii, where the tidal effects could
start to play an important role. This criterion is equiva-
lent to setting a maximal eccentricity ein,max = 1 − 6R/ain,
i.e. e1,max = 0.9972, e2,max = 0.9981. Note that due to the
equal masses, octupole terms vanish. We consider unequal
masses in §3.5. Including the GR precession may detune the
Kozai effect and lower the high-e fraction. However, to make
this effect substantial, the system would need to have GR
precession timescale shorter than or comparable to the in-
stantaneous Kozai timescales, which turns out not to be
the case for the stellar systems considered in this section
(t(ins)LK1 ∼ 0.3 Myr, t(1PN)pr1 ∼ 13 Myr, when the inner orbit A
reaches e1,max, using Eqs. 39,40).
Figure 6 shows the distribution of the systems on the
cos iA-cos iB plane that later reach the maximal high eccen-
tricity. For equivalent triple systems (i.e. the inner orbit B is
replaced by a single star with mass mB = m2+m3 = 2M), the
2013a)
L2in(1 − e2in) + 2LinLout
√
1 − e2in
√
1 − e2out cos itot = const. and
cos2 itot (1 + 4e2in) − 3e2in = const. ,
where the first equation yields
cos2 itot = (1 − e2in, init) cos2 i0/(1 − e2in)
in the Lin  Lout limit. Combining it with the second equation,
we recover Eq. (27).
Elements Inner Orbit A Inner Orbit B Mutual Orbit
m 1+1M 1+1M –
e 0.1 0.1 0.3
a 10 AU 15 AU 1000 AU
cos i [−1, 1] [−1, 1] cos 0.1
g [0, 2pi] [0, 2pi] 0
h [0, 2pi] [0, 2pi] 0
Table 4. The initial orbital configurations of the “4-star” hier-
archical quadruple systems, discussed in §3.2. The orbital sizes
and shapes are fixed, while their orientations are randomly sam-
pled. Because the physics is independent of the orientation of the
coordinate system, we can reduce the degree-of-freedom of the
system by fixing the initial orientation of one of the orbits (here
the mutual orbit).
corresponding region is very narrow and close to cos iA = 0,
as expected. At t = 10 Gyr, the fraction of systems reaching
the given maximal eccentricity is about 36.3% in inner orbit
A of quadruple systems, more than 6 times higher than that
in triple systems (∼5.8% from the run, consistent with the
analytical result calculated from Eq. 28)! Note that about
19.8% systems reach the given high eccentricity in their in-
ner orbit B, so in total ∼56% systems become dynamically
interesting in this orbital configuration.
3.3 Growing fraction over time
In triple systems, the regular LK oscillation has a timescale
tLK ∼ P2out/Pin, which is longer than any of the orbital peri-
ods, but shorter than the evolution timescales of the main
sequence stars with solar masses, for systems that are dy-
namically interesting. Especially for WD mergers to produce
SNe Ia, we hope the mergers to be able to occur in a large
range of timescales after the WDs are formed. At quadrupole
order, once the mutual inclination is specified and, thus, the
maximum eccentricity ein,max, all the systems that can reach
ein,max will do so within the first LK cycle on a timescale
t ∼ tLK, and after that there will be no more such events.
Quadruple systems, however, have the ability to pro-
duce high-e events on timescale much longer than tLK, up
to the age of the Universe. Figure 7 shows the results from
running the 105 systems described in §3.2. The cumulative
fraction f1, f2 (from the inner orbits A and B) grow with the
logarithmic time, i.e. about 10% and 4% per tenfold time.
The fractional event rates Γf in this orbital configuration
are thus roughly given by
Γf 1 ≡ Ûf1 ∼ 0.10t ln 10 for t > tLK1 and
Γf 2 ≡ Ûf2 ∼ 0.04t ln 10 for t > tLK2 . (29)
We find that Γf 1 ∼ 0.4 Gyr−1 at t = 0.1 Gyr and Γf 1 ∼
0.04 Gyr−1 at t = 1 Gyr. We will discuss the implications for
the stellar merger rate and the SN Ia rate in §6.
3.4 Orbital size dependence
Does the result we obtain in the previous subsections depend
strongly on the orbital sizes? In this subsection we investi-
gate the dependence of the size of the companion binary
MNRAS 000, 1–32 (2017)
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Figure 6. The initial mutual inclination distributions of systems that reach high-e before 10 Gyr, calculated from the 105 randomly
oriented “4-star” systems discussed in §3.2, whose initial orbital configurations are listed in Table 4. The left panel shows systems whose
inner orbits A reach high-e, while the right panel shows systems whose inner orbits B reach high-e. The higher density of the colour in
each panel represents the higher fraction of high-e systems, and it is normalized to the total high-e fraction of each inner orbit. Between
the two green dashed lines in the left panel shows the high-e systems from the equivalent triple case, where the inner orbit B is replaced
by a single star with mass mB = m2 +m3 = 2M.
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Figure 7. The growing cumulative fractions of high-e events
from the 105 randomly oriented “4-star” systems and their equiv-
alent triple systems described in §3.2. At quadrupole order, the
high-e fraction of triples stops growing after the Kozai timescale
(∼6Myr), but for quadruples, the fraction keeps growing.
orbit. When a2 (semi-major axis of orbit B) is very small,
the orbital angular momentum of orbit B is small and the
system reduces to the triple system limit (more precisely,
if we treat the binary B as two point masses). Increasing
a2 enhances the high-e fraction of the orbit A, as described
in §3.2,3.3. However, when a2 is very large, so that the LK
timescale tLK2 is very small comparing to tLK1, the oscillatory
perturbation exerted on the mutual orbit by the orbit B is
rapid and is averaged out. At the TPL of the orbit A, the
high-e fraction of the orbit A should drop and approach the
triple system limit, where the initial inclination should in-
stead be estimated using the averaged angular momentum
of the mutual orbit (Hamers & Lai 2017). However, this is
only true when the Kozai timescales are much longer than
both inner and outer orbits, which sets an upper limit for
the choice of a2. For non-TPL systems, it is not clear to
what extent the effect from the orbit B is averaged out and
suppressed, so that it is likely that the triple limit may not
be reached in the valid range of a1  a2  a.
In Figure 8 we show how the percentages of systems
whose “A” and “B” inner orbits reach the high-e, f1 and
f2 respectively, change with different values of a2 ranging
from 8.5 AU to 22.0 AU with a step size of 0.1 AU (for
the set of random oriented systems described in §3.2 but
with only 104 systems for each a2 and only up to 5 Gyr).
The total fraction f1 + f2 is also plotted. We can see that
the high-e fraction of the inner orbit A is much larger than
the equivalent triple case (∼5.8%) for a large range of a2.
Thus, we confirm that our result that quadruple systems
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Figure 8. The high-e fractions from the inner orbit A, inner orbit
B and the total fraction vary as functions of the semi-major axis
of the inner orbit B, described in §3.4. a2 is evenly sampled from
8.5AU to 22.0AU, with a stepsize 0.1AU. For each sampled a2,
we run 104 systems up to t = 5 Gyr. The rest of initial orbital
elements are listed in Table 4.
can largely enhance the high-e fraction is true for a broad
range of orbital size configurations.
To confirm the expectation of the “triple system limit”
for large and small a2 while avoiding large computational
costs, we perform the following two tests: (1) 105 systems
with a2 = 1 AU; (2) 104 systems with a2 = 100 AU. The sec-
ond test satisfies the requirement P  tLK2  tLK1, where P is
the period of the mutual orbit. In each test, we run systems
with random orientations up to 5 Gyr, and assume the inner
binary B is composed of two point masses (i.e. ignoring any
high-e event from the orbit B, f2 ≡ 0). In Test (1) we obtain
f1 = 5846/100000 ∼ 5.8%, in agreement with our expecta-
tions, while in Test (2) we obtain f1 = 740/10000 ∼ 7.4%,
confirming the descending trend of f1 at large a2. It is not
surprising that f1 does not reach the triple-limit because the
system is not in the TPL.
3.5 Mass ratio dependence
In triple systems whose inner binary stars do not have equal
masses, octupole order perturbations enhance the high-e
fraction on a much longer timescale than the LK timescale.
However, in quadruple systems where the enhancement has
been large, the contribution from octupole order terms be-
comes insignificant, because the systems that will reach
high-e under octupole order effect would likely have reached
them under quadrupole order effect due to the second bi-
nary.
For a better comparison, we also plot the fractions from
quadruple systems and their equivalent triples with different
m0/m1 ratios but the same mA(= 2M) and ein,max values in
Figure 9, where for each mass ratio value, the plot shows the
fraction growth curves for quadruple and triple systems with
octupole order effects turned on or off. We can see quadru-
ple systems produce much higher high-e fractions than their
equivalent triple cases, and octupole order contribution is
negligible in these quadruple system configurations.
Note that the absolute values of f have a strong de-
pendence on the radii of stars since the ein,max values also
depend on the radii. Thus, for WD binaries the f values are
expected to be much smaller, as shown in §4.
3.6 Possible “safe” regions
In triple systems, we can already conclude that the high-e
fraction ftriple is limited and the remaining fraction, 1− ftriple,
is “safe” – i.e. at the order of approximations chosen they
will not merge even on timescales longer than the age of the
Universe. However, for quadruple systems, the results shown
in §3.3 seem to tell us that the event fraction keeps growing.
But one might wonder whether there are“safe”regions in the
initial parameter space where the system will never reach
high eccentricity. In other words: does the fraction converge
to some value fmax < 1 as t →∞?
At quadrupole order of Hamiltonian and neglecting all
other effects, we tested 104 systems in the configuration de-
scribed in §3.2 up to t = 1013 years and confirmed the slow-
down and convergence of the high-e fraction growth. Figure
10 shows that the fractions of reaching high-e in the two
inner orbits converge to f1,max ∼ 47%, f2,max ∼ 26% for this
case, leaving ∼ 27% of systems “safe” (i.e. never reaching
high-e, at least on timescales of 1013 years). In Figure 11 we
show that the “safe” regions are roughly at the corners of
the cos iA-cos iB plane, where the inner orbits and the mu-
tual orbit are nearly coplanar. Also, we notice that the “safe
corners” are much larger when the two inner orbits’ angu-
lar momenta are in the same direction than when they are
opposite.
3.7 Quadruple systems of main sequence stars
We run 105 systems for quadruple systems with four 1 M
main sequence stars and sample the values of their semi-
major axes and eccentricities from given distributions. The
eccentricities e1, e2, and e are sampled from the thermal
or uniform phase space density distribution (Jeans 1919),
i.e. e21, e
2
2, and e
2 are uniformly distributed in [0, 1]. The
semi-major axes a1 and a2 are sampled from a log-normal
distribution; log10 a1 (in AU) is assigned a mean of 1.7038
and a standard deviation of 1.52, inferred from Figure 13
in Raghavan et al. (2010). a is then sampled assuming that
a/(a1 + a2) is log-uniformly distributed in [9, 1900], based on
observations of confirmed hierarchical multiple systems in
§5.3.8 of Raghavan et al. (2010), although the sample size is
small. Also we impose the criteria that
(i) a ≤ 104AU and a(1 − e) ≥ 20AU;
(ii) the two inner orbits cannot be too close to each other,
i.e. a(1 − e) ≥ 10a1 and a(1 − e) ≥ 10a2; and
(iii) the two inner orbits are not initially too small, i.e.
a1, a2 ≥ 1AU.
Note that criterion (ii) is not based on observation, but is
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Figure 9. The high-e fractions of 105 randomly oriented “4-star” systems with mass ratios 1 (left), 3 (center), 100 (right) in the inner
orbits A, discussed in §3.5. The other initial orbital elements are listed in Table 4. Their equivalent triple cases (i.e. replacing the inner
binary B with a single 2M star) are plotted for comparison. The high-e fraction enhancement for quadruples is remarkably robust
against variations in m0/m1.
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Figure 10. The cumulative fractions of 104 randomly oriented
“4-star” systems whose inner orbits A and B reach high-e, shown
in blue and orange solid lines, respectively. The rest of systems
are “safe” and are shown in the green line. The initial orbital
configurations are listed in Table 4, and each system runs up to
1013 years, as discussed in §3.6.
imposed since secular perturbation theory can break down
for moderately hierarchical systems.
Other initial parameters, specifying the orientations of
the orbits, are sampled randomly as described in §3. The
effect we include is quadrupole order only. The stopping cri-
terion for the integrations is that any of the inner stellar
binary reaches high-e so that they are strongly impacted by
tidal effects, where we set rp,i ≡ ai(1 − ei) ≤ 6R, (i = 1, 2).
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Figure 11. The “safe” regions for the 104 randomly oriented “4-
star” systems with parameters from Table 4 running up to 1013
years, as discussed in §3.6. All the systems that have never reached
high-e are initially coplanar, and the “safe” corners are larger for
those systems whose two inner orbits are in the same direction.
The density of the colour represents the fraction of “safe” systems
in that region of (cos iA, cos iB )-space, and it is normalized to the
total “safe” fraction.
Such event is likely to produce close binaries or stellar merg-
ers.
For comparison, we also run 105 equivalent triple sys-
tems (i.e. stellar binary with a tertiary 2M star) and triple
systems with tertiary mass 1M, with the same set of crite-
ria adopted.
Figure 12 shows the total high-e fraction in sampled
MNRAS 000, 1–32 (2017)
14 X. Fang et al.
106 107 108 109 1010
t [year]
0
5
10
15
20
25
30
35
f
[%
]
Quad, A
Quad, B
Quad, total
Equivalent Triple, mB = 2M¯
Triple, mB = 1M¯
Figure 12. The high-e cumulative fractions in 105 quadruple “4-
star” systems versus in their “equivalent triple” systems (orange
solid line) and triples with solar-mass tertiary (green solid line),
as discussed in §3.7. The dashed and dot-dashed blue lines are
high-e fractions from inner orbit A and B, respectively, which
are almost the same because they are sampled from the same
distributions, while the solid blue line is the sum of them, i.e.
total fraction.
quadruple systems is about 31%, about 2.6 times higher than
that from triples. Changing mass ratio of one inner binary is
expected to increase the fraction, as shown in Figure 9. We
run 105 quadruple systems with the same set of initial condi-
tions except masses [1+0.5]+ [1+0.5]M, and compare with
both a set of octupole-order “equivalent” triple systems with
1.5 M tertiaries, and triple systems with 1 M tertiaries.
The fraction of systems reaching high eccentricity increased
by ∼ 2 − 3% in all cases.
4 IMPLICATIONS FOR WD-WD MERGERS
We have seen from the last section that quadruple systems
can largely enhance the probability of reaching the high ec-
centricities in a “sustainable” way up to the age of the Uni-
verse, with only quadrupole order terms considered. As we
can see from §2, more interesting physical effects show up at
high eccentricities, such as the GR effects and tidal effects.
In this section, we will consider the hierarchical quadruple
systems with a WD-WD binary and a main-sequence stellar
binary, and discuss how the enhanced high-e fraction can
have implications for the WD merger rate.
4.1 Merger rate
In order to estimate the WD-WD merger rate, we need to
run quadruple systems with different initial parameters, in-
cluding their orbital orientations as well as their orbital sizes
and shapes. For simplicity, we will only explore several con-
figurations of the masses and show that the enhancement of
the merger rate is generally true for all cases.
The majority of WDs are around 0.6−0.7M (e.g., Ke-
pler et al. 2007, 2017). We start by taking the WD-WD
binary as equal mass with m0 = m1 = 0.7M, and the com-
panion binary as solar-like stars, m2 = m3 = 1M. The radii
of the WDs are R0 = R1 = 0.0084R, estimated using the
mass-radius relation (Hamada & Salpeter 1961). The initial
orbital elements are sampled as described in §3.7. The effects
we include are quadrupole order, the 1PN and tidal preces-
sion for both inner orbits, and the GW and tidal dissipation
for the inner orbit A, i.e. the WD-WD binary. The stopping
criteria for the integrations are as follows:
(i) the WD-WD binary collides, i.e. rp1 ≤ R0 + R1, where
rp1 ≡ a1(1 − e1) is the periastron distance of the WD-WD
binary;
(ii) the orbital energy loss is of order unity per (inner)
orbital period so that the orbital-averaged dissipation rate
formulae are not valid and the WD-WD binary could collide
directly, i.e. P1 | ÛL1 | ≥ L1;
(iii) the WD-WD orbit shrinks significantly due to the
GW and/or tidal dissipation, i.e. a1 < 0.1AU;
(iv) the stellar binary (i.e. inner orbit B) reaches high-e
so that they are strongly impacted by tidal effects, where we
set rp2 ≡ a2(1 − e2) ≤ 3(R2 + R3); or
(v) the integrator has taken 107 time-steps (i.e. 4 × 107
steps in RK4) so that we regard the system to be dynami-
cally inert and uninteresting. It is likely that some of such
systems would be unstable after an extremely long time
(comparing to their LK timescales), but the chance should
be small due to the existence of “stable regions” discussed in
§3.6.
The stopping criteria (i), (ii), and (iii) contribute to WD-
WD mergers, and we will call them channels (I), (II), and
(III) respectively, while (iv) produces stellar mergers, which
are interesting in their own right but lie outside the scope
of this section.
We run 105 such systems and, for comparison, we also
run 105 equivalent triple systems (i.e. WD-WD binary with
a tertiary 2M star) and triple systems with tertiary mass
1M (which is astrophysically more realistic) with the same
set of criteria adopted. For unequal-mass WDs (e.g., 0.8 +
0.6M), octupole order effects are turned on, and the merger
rates are expected to increase for both quadruple and triple
systems. Figure 13 shows that the overall enhancement of
merger rates from quadruple systems with respect to their
equivalent triples (or with 1M tertiary) is ∼9 (or 10) for the
equal-mass case, while it drops to ∼3.5 (or 5) for the unequal-
mass case. We also find that the Channel (I) contribution
is negligible (only 2 in 105 for each run), while most of the
mergers go through Channel (III), i.e. the orbital shrinking,
shown by the dashed lines in Figure 13.
4.2 Understanding the results
From the overall results, there are two immediate questions:
(i) Why is Channel (I) suppressed?
(ii) What role does each effect play?
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Figure 13. The WD merger cumulative fractions (upper panels) and rates (lower panels) in 105 quadruple systems (i.e. [WD-WD]-[Star-
Star]) (blue solid lines) versus in their “equivalent triple” systems (orange solid lines) and triples with solar-mass tertiary (green solid
lines), as discussed in §4.1. The left panel shows results from equal-mass WDs (both with 0.7M), while the right panel shows results
from unequal-mass WDs (0.8 + 0.6M). The stellar masses in quadruple systems are both 1M and their “equivalent triple” systems
have tertiary masses 2M. The blue dashed lines are the fractions of Channel (III) mergers in quadruple systems. The rates Γf ≡ Ûf are
obtained by fitting f to polynomial f = A + Bt˜ + Ct˜2 + Dt˜3 + Et˜4, where t˜ ≡ log10 t and A, B,C, D, E are fitting parameters. Note that
we show the early-time rates only for dynamical interest. Most of WDs form at late times depending on their progenitor masses, so we
should only focus on the rate at late times.
Let us first understand what the meanings of the three chan-
nels are. For the equal-mass case, Channel (I) is equivalent
to having a1(1 − e1) ≤ 2RWD, i.e.
1 − e1 ≤ 7.8 × 10−5
( a1
AU
)−1
. (30)
Channel (II) is equivalent to
L1
| ÛL1 |
≤
( a1
AU
)3/2 ( mA
M
)−1/2
, (31)
which is equivalent to
1 − e1 ≤ 3.6 × 10−6
( a1
AU
)−5/7
(32)
if the dissipation is dominated by the GW emission. How-
ever, combining Eqs. (30) and (32) suggests that, in order
to make Channel (II) more likely to happen than Channel
(I), we need a1 & 5 × 104 AU, which does not explain the
suppression of Channel (I).
In fact, Channel (II) is only made possible due to the
tidal dissipation. For a simple order-of-magnitude estima-
tion, we can use the tidal energy dissipation per (inner) orbit
from Press & Teukolsky (1977) (hereafter PT), rewritten in
our notation as
∆E =
2Gm20
RWD
[(
RWD
rp1
)6
T2(η1) +
(
RWD
rp1
)8
T3(η1)
]
. (33)
In this expression, the dimensionless function T` corresponds
to excitation of multipole-` modes of the WDs, and η1 is the
ratio of the periastron passage timescale to the dynamical
timescale of the WDs; for the equal-mass case,
η1 =
1√
2
( rp1
RWD
)3/2
. (34)
Since the T2 term usually dominates10, Channel (II) is
equivalent to having
1 − e1 . 2
(
RWD
a1
)5/6
[T2(η1)]1/6 ∼
(
RWD
a1
)5/6
, (35)
where during the close passage, T2(η1) ∼ 0.01 − 0.1. In order
to make Channel (I) happen before Channel (II), we need
a1 . 4 × 10−3AU, impossible for our initial configurations.
Thus, Channel (I) is largely suppressed.
Channel (III) assumes that when we detect a significant
orbital shrinking (at least a factor of 10), the WD binary
will merge on a short timescale. This is reasonable because
orbital shrinking is only significant when the timescale of the
energy dissipation is smaller than the LK timescale, which
is typically of order 107 years in our initial configurations.
There are 3 major scales: a1, a, and rp1, and they deter-
mine the timescales of all the effects we consider, hence their
10 T2 term dominates if RWD/rp1 
√
T2/T3. From Fig. 1 in PT,
T2/T3 ∼ 1 when η1 approaches 2, and approaches ∼ 5/3 at large η1.
However, RWD/rp1 < 1/2, so that the T2 contribution dominates.
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dominant regimes. Here we list all the relevant timescales
using the “AU, year, M” unit system:
P = a3/2M−1/2 , (36)
P1 = a
3/2
1 m
−1/2
A
, (37)
tLK,1 ' a
3
a3/21
(1 − e2)3/2 ∼ 0.04
(
a
a1
)3
a3/21 , (38)
t(ins)LK,1 ∼ tLK,1
√
1 − e21 ∼ 0.07
(
a
a1
)3
a1r
1/2
p1 , (39)
t(1PN)pr ∼ 4.1 × 107a3/21 rp1 , (40)
t(tide)pr ∼ 3.8 × 1023a3/21 r5p1 , (41)
t(GW)diss ∼ 9.5 × 1018a
1/2
1 r
7/2
p1 , and (42)
t(tide,PT)diss ∼ 5.5 × 1021[T2(η1)]−1a
1/2
1 r
6
p1 , (43)
where P and P1 are the orbital periods of mutual and in-
ner orbit A, t(ins)LK,1 stands for the instantaneous LK timescale
of the inner orbit A (Bode & Wegg 2014), “pr” stands for
precession and “diss” stands for dissipation. The tidal dissi-
pation used here is from PT (see §2.6), which is much sim-
pler than but at order-of-magnitude level consistent with
Giersz (1986), and its analytic form shows that it is negli-
gible at most of separation scales, but may take over when
the periastron is small. We have estimated the mutual orbit
eccentricity e as 1/√2 due to its thermal distribution. T2(η1)
can be estimated as a power law
T2(η1) ∼ 0.4
( η1
2
)−2.47
(44)
for η1  2. Although this expression overestimates T2 when
η1 is approaching 2, it is still good at the order-of-magnitude
level.
For a = 2000AU and a1 = 10AU, we plot the timescales
versus the periastron of the inner orbit A, rp1, in Figure 14,
where the tidal dissipation is calculated from Giersz (1986)
as we use in our code. The minimal rp1 shown in the figure
is 2RWD = 7.8 × 10−5AU, below which we assume a collision
(Channel (I) event) occurs. The shaded region represents
Channel (II) region, and is determined by the intersection
between the tidal dissipation timescale t(tide)diss and the WD-
WD binary orbital period P1.
4.3 Classification of orbital shrinking
Channel (III), i.e. undergoing orbital shrinking, is divided
into 3 categories, Type-IIIL, Type-IIIC and Type-IIIS,
based on how they fall into the shrinking phase. The normal
Kozai motion of triple systems has two types of trajectories:
libration and circularization. In quadruple systems, the inner
orbits can switch between these two types. The Type-IIIL
mergers undergo rapid orbital shrinking when they are on
the libration trajectory, while the Type-IIIC mergers shrink
on the circularization trajectory. The Type-IIIS mergers are
initially at the orbital shrinking phase, which are of less
interest. We also identify a subtype in each category, i.e.
those systems that show eccentricity oscillations on the GR
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Figure 14. The timescales versus the periastron of the inner
orbit A, rp1, for a system with a = 2000AU, a1 = 10AU. All
the timescales except the tidal dissipation are calculated using
Eqs.(36-42), while the tidal dissipation timescale is calculated
from Giersz (1986) as we use in our code. The shaded region
is Channel (II) region.
precession timescale during their beginning phase of orbital
shrinking. We denote those “wiggled” systems with “w”, i.e.
Type-IIILw, Type-IIICw and Type-IIISw.
We examine a set of 104 [WD-WD]-[Star-Star] sys-
tems and find 491 (i.e. ∼4.91%) systems undergoing or-
bital shrinking (i.e. Channel III). Among these systems,
209 (49.9%) systems are Type-IIIL with 27 (6.4%) in Type-
IIILw, 207 (1.4%) systems are Type-IIIC with 6 in Type-
IIICw, the rest of 3 (0.7%) systems are Type-IIIS with 1
(0.24%) in Type-IIISw. About 8% of the orbital shrinking
systems experience the “wiggled” phase during shrinking,
which we will call “precession oscillation” phase from now
on.
In Figure 15 we show the example phase diagrams of
Type-IIIL, Type-IIIC and their “wiggled” subtypes. The
“non-wiggled” subtypes (upper panel) show that at the final
stage the WD binaries go on extremely high eccentricities
and then rapidly shrink their orbits, so that they decouple
from their companions and directly enter the small circular
trajectories on the phase diagram, where the angular mo-
mentum is approximately conserved. The“wiggled”subtypes
(lower panel) show that the inner orbit angular momentum
G1 oscillates several times before decoupling from the com-
panions (also see Figure C2, C4). We show the underlying
physics of this “precession oscillation” in detail in Appendix
C.
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Figure 15. Classification of orbital shrinking WD mergers.
5 NONSECULAR EFFECTS: EVECTION
The “double-averaging” procedure neglects non-secular ef-
fects, including the “rapid eccentricity oscillations” of the
inner orbits on the timescale of the outer period. This ef-
fect was discovered in the motion of the Moon by Ptolemy,
known as the Moon’s “second inequality” and much later
as “evection” (Ptolemy 1515; Brown 1896; Toomer 1984). In
this section, we discuss how evection affects the eccentrici-
ties, and show that our conclusion still holds that quadruples
are more efficient in producing mergers than triples.
The nature of evection is that the tidal torque on the in-
ner orbit exerted by the outer perturber varies and changes
its sign four times during the period of the outer orbit, as
illustrated in Figure 16. The oscillations of the orbital ele-
ments on the timescale of the outer period in the context
of triple star systems were discussed by Soderhjelm (1975).
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Figure 16. An illustration of evection. The inner orbit (in blue)
and the mutual orbit (in orange) are both in the x−y plane, with
their angular momenta along the +z direction. The perturber mB
at the position shown in the figure exerts a tidal torque on the
inner orbit, as shown by the yellow arrows, which decreases the
inner eccentricity e1. As the perturber moves around, the tidal
torque will change its direction according to the quadrant the
perturber is in, and the change of e1 is shown at the four corners.
During one period of the mutual orbit, the eccentricity e1 goes
up and down twice.
Assuming a circular outer orbit, the amplitude of the oscilla-
tion of the inner binary angular momentum was derived by
Ivanov et al. (2005) in the high eccentricity limit of the in-
ner orbit (i.e. ein → 1). Later this phenomenon was observed
in simulations by Bode & Wegg (2014) in the test particle
limit and by Antonini & Perets (2012) in the equal-mass in-
ner binary case, and discussed by Katz & Dong (2012) in the
WD-WD context. Its impact on GW observations has also
been discussed e.g., by Seto (2013). In the presence of the
eccentric LK mechanism (from octupole order) and the non-
secular evection, the merger times can be orders of magni-
tude shorter than predicted by double-averaged secular cal-
culations in triple systems with low outer orbit eccentricities
(Antognini et al. 2014).
We generalize the derivation in Ivanov et al. (2005) (as-
suming circular outer orbit) to triple systems with eccentric
outer orbits in Appendix D. We find that in addition to the
“ 12Pout” periodic eccentricity oscillations that we have seen
in the circular outer orbit case, now we also have “Pout”-
periodic and “ 13Pout”-periodic oscillations, due to the modu-
lation of the tidal field (with frequency 2n) by the varying
distance of the perturber (with frequency n), as shown in
Eqs. (D16,D17).
Since evection can cause rapid mergers and/or cause
mergers/collisions in otherwise non-merger systems, we need
to assess its importance in increasing merger rates for
quadruple and triple systems. We first calculate the “up-
per bound” of the eccentricities of the inner orbits at each
time-step using the equations derived in Appendix D1:
e(bound)1 =
√√√
1 −

√
1 − e21 −
15
8
√
m2
B
a31
mA(mA + mB)a3
F(e, iA)
(1 − e2)3/2

2
(45)
and similarly for e(bound)2 , where the functions F(e, iA/B) are
defined in Eq. (D25). Then we use these values to check
whether some of the stopping criteria are satisfied. If the
upper bound is high enough to make a collision, then it could
mean that there is a collision due to evection, or that the
evection amplitude is overestimated, so we will switch to a
tighter estimation as discussed in Appendix D2. That is, we
calculate the “true evection envelope” (hereafter TEE) using
Eqs. (D32,D16), which are more computationally expensive
but do not contain any inequality.
We reran the 105 [WD-WD]-[Star-Star] systems dis-
cussed in §4, but this time we use the highest evection ec-
centricities to determine whether the mergers occur. The
merger fraction estimated in this way is expected to be an
upper limit, since in a finite number of periastron passages
the maximum of the evection envelope may not be sampled.
When the dissipation effects are turned on, we use the sec-
ular eccentricities to calculate the dissipation rates. We also
test the cases where we use the TEE eccentricities for the
dissipation rate estimation, which does not affect our results
significantly. Note that the expressions are derived for highly
eccentric inner orbits, so we only turn on the evection calcu-
lation if either inner orbit when its eccentricity is very large
(e.g., e1, e2 > 0.9 in our code).
Figure 17 shows the merger rates from quadruple sys-
tems and their equivalent triple cases, for different WD-WD
masses. Comparing to the secular results in Figure 13, the
merger fractions increase by small fractions for both quadru-
ples and triples, and the enhancement from quadruple sys-
tems with respect to their equivalent triples (or with 1M
tertiary) are still large, i.e. ∼5 (or 7) times for the equal-
mass WDs and ∼2.5 (4) times for the unequal-mass case.
Note that the mergers from evection runs are mostly from
Channel (I), and the rest are almost from Channel (III).
Mergers from Channel (II) become very rare. This makes
sense because systems that undergo orbital shrinking must
be at very high eccentricities (i.e. with small orbital angular
momentum), where the torque from the companion binary
can more easily extract most of the inner orbital angular
momentum and result in a Channel (I) collision. However,
we must note that the dominance of Channel (I) mergers
does not mean that we have more “direct collision” events,
because TEE is just a possible eccentricity maximum: in
reality the eccentricity may not reach TEE value and the
“direct collision” may be avoided. Although the exact merg-
ing channel is important to the outcome (e.g., whether the
interaction results in a SN Ia), we leave that discussion for
future work.
Finally, we must emphasize that our runs are based on
the validity of secular calculations as a representation of the
mean evolution, which limits our explorations to the “highly
hierarchical” cases, as we have assumed in the sampling of
initial parameters (i.e. a1, a2 ≤ rp/10). In this regime, we
find that evection can modestly enhance the merger rates
by a factor of ∼ 1.5 (compare the right panels of Figures 13
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and 17). In more moderately hierarchical systems, evection
could be much more important, as suggested by e.g., Katz &
Dong (2012) and Antognini et al. (2014). However, to assess
evection fully in less hierarchical systems, one would have
to correct the double-averaging equations or drop the outer
orbit average entirely (e.g., Luo et al. 2016).
6 DISCUSSION AND CONCLUSION
Hierarchical quadruple systems are more complex than triple
systems and can exhibit qualitatively different behaviour on
long timescales. Most interestingly, the fraction of systems
that can reach high eccentricities is significantly enhanced
in quadruple systems, with a correspondingly higher proba-
bility of producing WD-WD and stellar mergers.
We have derived the secular equations for general hier-
archical quadruple systems up to octupole order, and shown
that the fraction of reaching high-e is enhanced even at
quadrupole order. We have run the systems up to the age
of the Universe and found the event rate of reaching high
eccentricities goes approximately as 1/t (Figure 7), consis-
tent with current observations of the delay-time distribution
of SNe Ia (e.g., Maoz & Mannucci 2012). We also found
that for a given initial configuration, running through an
extremely long time, a fraction of systems will never reach
high eccentricities, and that these are initially mostly copla-
nar (Figures 10 and 11).
We have calculated the amplitude of eccentricity oscil-
lations due to evection when the inner orbits are at high
eccentricities (§5 and Appendix D), and used it to estimate
the enhancement. This method is much faster than full N-
body simulations but accurately describes the eccentricity
“envelope” systems attained during successive eccentricity
maxima.
6.1 Stellar quadruples
We have investigated the fraction of systems reaching high
eccentricity in quadruple systems consisting of two pairs of
solar-mass stars and compared our results to stellar triple
systems over a large portion of parameter space.
With only quadrupole order effects turned on and our
baseline distribution of initial orbital elements, about 31%
of quadruple systems reach high eccentricities within the
age of universe (Figure 12), about 2.6 times higher than
that from triples, indicating a high probability of producing
close binaries, stellar mergers, or even blue stragglers (e.g.,
Mazeh & Shaham 1979; Eggleton & Kiseleva-Eggleton 2001;
Tokovinin et al. 2006; Perets & Fabrycky 2009; Shappee &
Thompson 2013; Antognini et al. 2014; Naoz & Fabrycky
2014) in quadruple systems on long timescales. We also
ran quadruple systems with [1 + 0.5] + [1 + 0.5]M includ-
ing octupole-order terms, and compared with both a set of
octupole-order “equivalent” triple systems with 1.5 M ter-
tiaries, and triple systems with 1 M tertiaries. The fraction
of systems reaching high eccentricity increased by ∼ 2 − 3%
in all cases.
Our results suggest a dynamical explanation for the ob-
servation that the ratio of quadruples to triples, as well as
the ratio of triples to binaries, seems to be in excess among
young stars (e.g., Correia et al. 2006; Chen et al. 2013), and
that a large fraction of triples and quadruples are in tight
binaries (e.g., Pribulla et al. 2009). The anomalously high
number of (relatively) high-mass stars in the thick disk ob-
served by APOGEE could also be evidence of stellar mergers
(Izzard et al. 2017).
A simple estimate for the role of quadruple systems in
producing tight stellar binaries, mergers, or collisions pro-
ceeds as follows. The rate at which systems reach high ec-
centricities can be estimated as
ÛNhigh−e(t) =
∫ t
0
SFR(t ′)M¯−1sys fQuad fcut Ûf (t − t ′) dt ′,
where SFR is the star formation rate (units: M yr−1),
M¯sys ∼ 0.6M is the mean mass of a stellar system11,
fQuad ∼ 0.03 is the fraction of systems that are quadru-
ples (e.g., Raghavan et al. 2010); and fcut ∼ 1 is the frac-
tion of quadruple systems of interest. Assuming a constant
Milky Way star formation rate, the event rate is simply
ÛNhigh−e(t) ∼ SFR × fQuad f (t < 1010yr)/M¯sys. Recent estimates
of the Milky Way SFR range from around 0.68 − 4 M yr−1
(e.g., Diehl et al. 2006; Misiriotis et al. 2006; Murray &
Rahman 2010; Robitaille & Whitney 2010; Kennicutt &
Evans 2012), which combined with our estimate of f (t <
1010yr) = 0.31 − 0.33 gives an event rate from quadruple
systems of ∼ 0.01 − 0.06 yr−1. Accounting for the relative
frequency of stellar quadruples and triples, the same cal-
culation for triples gives an additional ∼ 0.01 − 0.06 yr−1,
very similar to the quadruple contribution. In total, the rate
is about 0.02 − 0.12 yr−1, around 2 − 50% of the observed
Galactic rate of bright stellar mergers (MV ≥ −3), which is
0.24 − 1.1 yr−1 (Kochanek et al. 2014). Considering that the
SFR was higher in the past, and that we have only used
f from two fixed-mass configurations, our estimates for the
quadruple and triple contributions could be conservative.
We conclude that it is plausible, but by no means certain,
that triple + quadruple systems are an important channel
for stellar mergers.
6.2 WD-WD binaries and Type Ia supernovae
We propose a new channel for producing Type Ia SNe: WD-
WD mergers in hierarchical quadruple systems. Although
selection effects make the observation of WD-WD binaries
in triple or quadruple systems difficult, the high multiplic-
ity of A-type stars indicates that it is common for WD-WD
binaries to live in triple and quadruple systems (e.g., De
Rosa et al. 2012, 2014). In the [WD+WD]+[star+star] case,
we have added GR and tidal precession and dissipation ef-
fects. We have sampled the systems from a distribution of
sizes and shapes, as well as random orientations. We find a
significantly enhanced merger rate, a factor of 3.5−10 higher
than that in triple systems (Figure 13), and a ∼ 1/t delay-
time distribution for both quadruples and triples, consistent
with that from observations (e.g., Horiuchi & Beacom 2010;
11 The number fractions of single, binary, triple and quadruple
systems are about 56%, 33%, 8% and 3% (Raghavan et al. 2010),
giving an average of 1.58 stars per system, despite the dependence
of multiplicity on masses (e.g., Gullikson et al. 2016; Moe & Di
Stefano 2017). Using the initial mass function Eq. (2) in Kroupa
(2001), we obtain the average mass of stars 〈M∗ 〉 ∼ 0.38M.
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Figure 17. The merger fractions from 105 random [WD-WD]-[Star-Star] systems (blue solid lines) and their equivalent triple cases
(orange solid lines), with evection included, as described in §5. Results for triples with solar-mass tertiary are shown with green solid
lines. With evection, the merger fractions are enhanced for both quadruple systems and triples, but the fraction from quadruples remains
much larger than that from triples. Mergers from Channel (I) (blue dashed lines) now dominates over Channel (III), and Channel (II)
becomes negligible. The runs for this figure is equivalent to those for Fig. 13 except for including evection.
Maoz et al. 2014). We classify the major type of mergers, i.e.
those undergoing rapid orbital shrinking, into 3 categories
by their evolution patterns in phase space (Figure 15), and
identify ∼ 8% of orbital shrinking mergers that experience
a “precession oscillation” phase, whose underlying physics is
explained in Appendix C and Figure C5.
The secular merger rate from quadruple systems in-
ferred from Figure 13 is ∼ 10−12 yr−1 Quad−1 at t = 1010 yr,
which corresponds to a merger rate per unit of initial stel-
lar mass of ∼ fQuad fcut Ûf (t = 10Gyr)/M¯sys. We impose a cut
based on a Kroupa initial mass function for the primary
in each of the inner binaries, and uniform distribution for
secondary-to-primary mass ratio, and take the WD progen-
itor mass range to be 1 − 8 M, leading to fcut ∼ 4.5%12.
Considering the rates from the “equal-” and “unequal-mass”
cases presented in §4 and 5, we obtain a WD-WD merger
rate from quadruple systems of (2.7− 5.3) × 10−15 yr−1 M−1.
Including the contribution of triples, we have a total merger
rate (3 − 8) × 10−15 yr−1 M−1. This can be compared to the
observed SNe Ia rate at 10 Gyr, (1 − 5) × 10−14 yr−1 M−1
(e.g., Maoz et al. 2014). We conclude that in an optimistic
scenario, the quadruples + triples provide enough merging
white dwarf pairs to explain of order half of the SN Ia rate
at long delay times. Indeed, our rate estimate is close to
those from traditional binary stellar synthesis (e.g., Ruiter
et al. 2009). On the other hand, it is unclear whether all of
these mergers result in Ia supernovae, and at the more pes-
12 Variations in the secondary mass distribution can result in a
factor of ∼ 2 lower (e.g., Klein & Katz 2017).
simistic end of the rate calculation the rate is only 6% of the
observed SN Ia rate. Additionally, the lowest mass stars we
consider are still on the main sequence and hence unavail-
able for WD-WD mergers at short delay times. If fcut is an
increasing function of t, then this could spoil the ∝ 1/t delay-
time distribution derived from dynamics. Also we have not
taken into account the possible production of stellar merg-
ers before WDs are formed, which could lower fcut by ∼ 30%
for quadruples and ∼ 10% for triples (estimated from Fig-
ure 12). In any case, it is noteworthy that the quadruples
dominate over the triples in our calculation.
We found that evection enhances the overall merger rate
in quadruple systems by a modest factor of ∼ 1.5 (com-
pare Figs. 13 and 17). However, it could play an important
role in determining the branching ratio of different merg-
ing/collision channels, which may affect whether or not a
SN Ia occurs and its observed properties. Importantly, the
estimate of the importance of evection in this paper involves
bounds rather than a calculation of the full probability dis-
tribution of outcomes. A more careful and thorough treat-
ment of evection is required to determine the exact final
pathways of WD-WD mergers in quadruple and triple sys-
tems.
6.3 Future directions and outlook
Several problems in both dynamics and stellar astrophysics
are left for future work. For the case of main sequence star
mergers, we have only studied two fixed-mass configurations
and only consider secular quadrupole + octupole order ef-
fects. An exploration of the stellar mass distribution and in-
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clusion of tidal effects will give a more accurate prediction of
the high-e rate, while mass loss and mass transfer may be im-
portant when stars are close to each other and stellar merger
rate is concerned. For the WD-WD merger case, in terms of
dynamics, we need a more detailed treatment of non-secular
effects, particularly evection, to explore the final stages of
WD-WD mergers driven by quadruple dynamics. The role
of higher order effects, such as hexadecapole-monopole (see
Will 2017, for recent discussion in context of triple systems)
and quadrupole-quadrupole interactions, is also unclear. In
terms of astrophysics, this paper did not consider effects such
as mass loss (which causes the dynamical characteristics of
the system to change, see Perets & Kratter 2012; Shappee
& Thompson 2013) and interactions and common envelope
evolution (important if a1 is small). A potential complica-
tion that involves both dynamics and astrophysics is that
mass loss will cause the orbital periods to change and many
quadruple systems will sweep over resonances between the
orbital periods of the two inner binaries before producing
white dwarfs. Finally, these results may differ when chang-
ing the initial distribution of orbital elements, e.g., exploring
the moderately hierarchical regime (a/a1 . 10) where sec-
ular codes such as ours are least applicable. Many of these
same considerations are also relevant for stellar binaries.
There are several observational signatures that could
test for a “quadruple channel” of Type Ia supernovae. Most
are related to similar signatures for triples. For example, in
historical SN Ia remnants, one can look for low-mass binaries
inside, exhibiting blue-shifted absorption in their spectra or
anomalous abundances. Similarly, the discovery of a pre-
explosion main-sequence binary at the position of a nearby
SN Ia would provide confirmation of the quadruple nature
of the system (see e.g., Thompson 2011; Kochanek 2009).
For newly-discovered SNe Ia, one can look for two soft X-
ray flashes ∼ 105 s (a/10 AU) after the explosion, with a time
separation ∼ 104 s (a2/AU), as the shock wave overtakes the
binary companion (e.g., Kasen 2010; Thompson 2011). Very
small changes to early-time optical/UV light curve might
also signal the existence of a companion binary.
Due to the colour selection of WD-WD searches (e.g.,
Napiwotzki et al. 2001; Badenes et al. 2009; Brown et al.
2010), it remains difficult to make a census of WD binaries
in triple or quadruple systems (e.g., Katz et al. 2014). In the
future, the population of Galactic WD-WD binaries driven
to high eccentricities by their companion stars or binaries
may be detectable in LISA (Thompson 2011; Gould 2011;
Amaro-Seoane et al. 2017), or in microlensing searches (e.g.,
WFIRST, Spergel et al. 2015). For now, radial velocity sur-
veys of stars to identify the signal of a massive, but unseen
companion, may be a robust way to explore the population
of old and massive WDs in triple and quadruple systems
(Thompson 2011), and thus alleviate a primary uncertainty
in the determination of the role of few-body systems in driv-
ing WD-WD mergers.
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APPENDIX A: COEFFICIENTS IN OCTUPOLE
ORDER HAMILTONIAN
The coefficients with non-negative m values in Eq. (11) are
listed as follows,
A(3)1 =
[
6 + 29e21 − (6 + e21) cos 2i1 + 7e21 cos 2g1(7 + cos 2i1)
]
× 40e1 sin g1 cos i1 , (A1)
B(3)1 =
[
6 − 13e21 − 3(2 + 5e21) cos 2i1 + 7e21 cos 2g1(5 + 3 cos 2i1)
]
× 40e1 cos g1 , (A2)
A(2)1 =
[
−2 + 9e21 − (6 + e21) cos 2i1 + 7e21 cos 2g1(3 + cos 2i1)
]
× 20e1 sin g1 sin i1 , (A3)
B(2)1 =
(
−2 − 5e21 + 7e21 cos 2g1
)
40e1 cos g1 sin 2i1 , (A4)
A(1)1 =
[
5(6 + e21) cos 2i1 + 7(−2 + e21 + 10e21 cos 2g1 sin2 i1)
]
× 2e1 sin g1 cos i1 , (A5)
B(1)1 =
[
6 − 13e21 + 5(2 + 5e21) cos 2i1 + 70e21 cos 2g1 sin2 i1)
]
× 2e1 cos g1 , (A6)
A(0)1 =
[
18 + 31e21 + 5(6 + e21) cos 2i1 + 70e21 cos 2g1 sin2 i1
]
× e1 sin g1 sin i1 , (A7)
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A(3) = sin g sin2 i cos i , B(3) = cos g sin2 i , (A8)
A(2) = sin g(sin i − 3 sin 3i) , B(2) = −4 cos g sin 2i , (A9)
A(1) = sin g(cos i + 15 cos 3i) , B(1) = 2 cos g(3 + 5 cos 2i) ,
(A10)
and
A(0) =4 sin g(sin i + 5 sin 3i) . (A11)
For negative m’s, coefficients can be obtained using the re-
lation (12).
APPENDIX B: CODE DESCRIPTION AND
TESTS
Our secular code is written in C. It uses the fourth-order
Runge-Kutta (RK4) integrator with the adaptive time step
size determined by
∆t =  min
X
 XÛX
 , (B1)
where X can be gi , hi , Gi +Hi , Gi −Hi , Li −Gi , Gi , or Li for
any of the orbits (i = 1, 2, or mutual).13 For X = gi or hi , we
use 1 in the numerator in place of X, since nothing special
happens when an angle passes through zero. These reduces
the step size when the system approaches any singularity of
the equations of motion. Some of the singularities are real
(e.g., Gi → 0, which corresponds to a plunging orbit) and
others are merely coordinate artifacts (e.g., Gi − Hi → 0,
which corresponds to a zero-inclination orbit). The default
setting is  = 0.05.
The code takes a list of effect_flag specified by the
user. The element of the flag list is either 1 or 0, turning on or
off any of the secular effects in either one of the inner orbits
discussed in §2, i.e. the secular quadrupole and octupole
order effects, the GR 1PN precession and 2.5PN dissipation,
and the tidal precession and dissipation at the parabolic-
orbit limit. The stopping criteria are also defined by the
user and highly depend on the specific tasks.
In this appendix, we present some test results of the
code, including the convergence tests of the integrator, the
tests of total energy and angular momentum conservation,
the tests of the Kozai constant for a triple system at test
particle limit and quadrupole order.
B1 Convergence with step size
Although many quadruple systems are very chaotic and the
time we integrate over is generally much longer than the
Lyapunov time, the ensemble properties, such as the high-
e fraction and the merger fraction, are expected to be well
defined and not sensitive to the accuracy of the integrator.
Here we perform the convergence test by changing the
adaptive time step size to larger and smaller values, and test
for the “4-star” case in §3.3 and the equal-mass “[WD-WD]-
[Star-Star]” case in §4, respectively. The results are shown
in Figure B1 and Figure B2.
13 We exclude the mutual L since this does not evolve. We also
exclude the mutual G: because the mutual orbit carries most of
the angular momentum, its relative rate of change | ÛG |/G is much
smaller than the relative rates for the inner orbits.
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Figure B1. Convergence test for 105 randomly oriented “4-star”
systems discussed in §3.3. Only quadrupole order effect is turned
on. The stepsize prefactor  of Eq. (B1) is chosen to be 0.1, 0.05
(default setting), 0.01, 0.005, respectively, and the high-e fractions
converge very well.
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Figure B2. Convergence test for 105 randomly oriented “[WD-
WD]-[Star-Star]” systems with equal-mass (0.7M) WDs, dis-
cussed in §4. Only quadrupole order effect is turned on. The
stepsize prefactor  of Eq. (B1) is chosen to be 0.1, 0.05 (de-
fault setting), 0.01, 0.005, respectively, and the high-e fractions
converge very well.
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Elements Inner Orbit A Inner Orbit B Mutual Orbit
m 0.8+0.6M 1+1M –
e 0.6 0.2 0.1
a 10AU 15AU 1000AU
i 20◦ 10◦ 0.1◦
g 0 0 0
h 0 0 0
Table B1. The initial orbital elements of the example “[WD-
WD]-[Star-Star]” system for energy and angular momentum con-
servation tests in Appendix B2.
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Figure B3. Angular momentum conservation test for a “[WD-
WD]-[Star-Star]” system with its initial orbital parameters listed
in Table B1. The plot shows the deviations of 3 components
of the total angular momentum from their initial values, i.e.
(Gtot,(x,y,z) − Ginitialtot,(x,y,z))/Gtot, up to 10Gyr. Note that the RK4
integrator exactly conserves the total z-angular momentum, but
not the x or y components.
B2 Conservation of energy and angular
momentum
The RK4 integrator is not symplectic, phase-space conserv-
ing, or time-reversible. Thus one concern is that it may not
preserve the energy and angular momentum, especially when
integrating over a long time. However, for secular equations,
the situation can be much better. We test the conserved
quantities of the “[WD-WD]-[Star-Star]” case (with masses
0.8+0.6+1+1 M), where all the secular non-dissipative ef-
fects in §2 are taken into account. The initial orbital elements
are listed in Table B1. The results are shown in Figures B3
and B4 using the default setting  = 0.05, which are quite
good: over the lifetime of the Universe, errors are of order
10−8 for the angular momentum and 10−4 for the perturba-
tion to the energy.
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Figure B4. Energy conservation test for a “[WD-WD]-[Star-
Star]” system with its initial orbital parameters listed in Table
B1. A conservative system preserves its Hamiltonian, and this
plot shows the fractional deviation of the perturbation Hamilto-
nian (only including quadrupole and octupole order terms and the
GR and tidal precession terms, but excluding the Kepler parts)
from its initial value. The errors are small and remain bounded
up to 10Gyr.
B3 Kozai constant
A triple system at TPL and quadrupole order exhibits
the standard LK oscillation, with the Kozai constant, i.e.√
1 − e2in cos i = const. For non-TPL cases at quadrupole or-
der, the Kozai constant is generalized as (see e.g., Naoz et al.
2013a, Eq. 2314; Katz & Dong 2012, Eq. 14)
K =
√
1 − e2in cos i +
Lin
2Gout
(1 − e2in) (B2)
using the fact that angular momenta Gout, Gtot and Delau-
nay’s variable Lin are conserved, and applying the law of
cosines to the vector sum Gtot = Gin + Gout. We test this
property with our code for triple systems with different mass
ratios m1/m0 but with the same m0 +m1 = 1M, m2 = 2M,
and the same initial orbital elements listed in Table B2. We
only turn on their quadrupole order effects. The result is
shown in Figure B5 using the default setting  = 0.05. The
Kozai constant is well-conserved in all cases.
B4 Comparison with few-body calculations
We compare our secular results (including quadrupole and
octupole order effects) of triple systems with the results
14 A similar conservation law arises as a result of Naoz et al.
(2013a), Eq. (23). That conservation law is slightly different be-
cause their inclination is measured relative to the fixed total an-
gular momentum, not the outer orbit.
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Elements Inner Orbit Outer Orbit
e 0.1 0.3
a 10AU 1000AU
i 50◦ 10◦
g 0 0
h 0 180◦
Table B2. The initial orbital elements of the triple systems for
the Kozai constant test in Appendix B3.
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Figure B5. The fractional deviations of Kozai constant at
quadrupole order for triples with initial orbital parameters listed
in Table B2 and discussed in Appendix B3. The constant is pre-
served at 10−8 level for all inner binary mass ratios m1/m0.
from the fully dynamical few-body code REBOUND (Rein &
Liu 2012; Rein & Spiegel 2015). We consider inner binary
masses 1+0.5M and tertiary mass 1M, and a hierarchy
ratio aout/ain = 20; the initial orbital elements are listed in
Table B3. We allow the initial outer orbit eccentricity to
change and fix other parameters. In Figure B6 we show that
our secular results match with the few-body results, and our
“upper bound” (bound) and “true evection envelope” (TEE)
results estimate the amplitude of the eccentricity oscillations
very well (see Appendix D for details). TEE results work bet-
ter than the “bound” especially when the outer eccentricities
are large. The test is done using the default setting  = 0.05.
B5 Coordinate independence test
Finally, we test the behaviour of our code under the rotation
of the coordinate system. Here we test the [Star-Planet]-
[Star-Star] quadruple system in Table B4. This system dif-
fers from the one in §3.1.2 in the masses of the stellar binary.
We make them unequal to fully test both octupole order
terms. We rotate the coordinate system such that xˆ′ = yˆ,
yˆ ′ = zˆ, zˆ ′ = xˆ. The comparison of the eccentricity evolutions
Elements Inner Orbit Outer Orbit
m 1+0.5M 1M
e 0.1 0, 0.2, 0.6
a 3AU 60AU
i 80◦ 0
g 0 0
h 0 180◦
Table B3. The initial orbital elements of the triple systems for
comparison with the REBOUND few-body simulation, discussed in
Appendix B4. We test for different outer orbit eccentricities.
Elements Inner Orbit A Inner Orbit B Mutual Orbit
m 1+0.001M 1+2M –
e 0.3 0.1 0.1
a 10AU 15AU 1000AU
i 50◦ 50◦ 10◦
g 0 0 0
h 0 0 180◦
Table B4. The initial orbital elements of the example “[Star-
Planet]-[Star-Star]” system for the coordinate-independence test
in Appendix B5.
between the original and the basis-rotated is shown in Figure
B7, and it shows the two systems evolve in the same way at
least in the first 150 Myr with high accuracy. The long term
chaotic motion will show up later but has no significance
in terms of the ensemble properties we care about in this
paper. The test is done using the default setting  = 0.05.
APPENDIX C: “PRECESSION OSCILLATION”
PHASE
It is intriguing to investigate the origin of the “precession os-
cillation” phase. Figure C1 shows the evolution of a quadru-
ple system with a pair of WDs (0.7 + 0.7 M) and a pair of
solar-mass stars. At t ∼ 3620 Myr, the WD binary experi-
ences a rapid orbital decay, as shown in the zoomed Figure
C2. During this time, the eccentricity and inclination un-
der oscillations (the “precession oscillation” phase) on the
timescale of the GR precession, rather than the much longer
LK timescale.
We can understand the precession oscillations using a
simple dynamical model, including the 1PN precession and
the perturbing quadrupole of the outer orbit. We further
take the inclination to be nearly constant (i.e. ∼ 90◦, H1 ∼ 0)
so that we can construct a one degree-of-freedom model. In
this case, we can simplify the Hamiltonian of the WD binary
in this phase as
H (simp) = H (quad)1 +H
(1PN)
1
= −15B1L
4
1
G3L3
e21 cos 2g1 sin
2 i1 −
3G2µ1m2AL1
c2a21G1
≡ −Kquad cos 2g1 −
Kprec
G1
, (C1)
where we have dropped the constant terms in the first equal-
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Figure B6. The eccentricities of the inner orbits at their local maximum. The three triple systems are described in Appendix B4 and
Table B3 and their initial parameters only differ in the outer eccentricities (e = 0(left), 0.2 (middle), and 0.6 (right)). The blue lines
are results from REBOUND few-body simulations, while the orange lines are produced by our secular code. The green and red lines are the
estimated “upper bound” and the “true evection envelope”, calculated based on the secular results. The details of evection calculations
are discussed in §5 and Appendix D.
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Figure B7. The eccentricity evolution of the [Star-Planet]-[Star-
Star] quadruple system in Table B4. In the upper panel, solid
lines and dashed lines are calculated from the original and the ro-
tated coordinate system, respectively. The lower panel shows the
fractional difference between the results from the two coordinate
systems. The Star-Planet binary starts to deviate earlier than the
Star-Star binary because it is more chaotic, as we have discussed
in §3.1.2, although the deviations are very tiny at least in the first
150Myr.
ity because they have no effect on the motion, and defined
the parameters
Kquad ≡
15B1L41
G3L3
e21 sin
2 i1 and Kprec ≡
3G2µ1m2AL1
c2a21
. (C2)
Now we do a canonical transformation to the variables
Q ≡ √2G1 cos g1 and P ≡ −
√
2G1 sin g1, and rewrite the
Hamiltonian in terms of them as
H (simp) = 2KquadP
2 − 2Kprec
Q2 + P2
, (C3)
where a constant term “−Kquad” is dropped.
In the (Q, P)-plane, H (simp) has a separatrix at H (simp) =
0, i.e.
Pseparatrix = ±
√
Kprec
Kquad
= ±
√√ G4µ51m4AG3L3
5B1c2e21 sin
2 i1L71
, (C4)
where we have used L1 = µ1
√GmAa1. If |P | >
√
Kprec/Kquad,
the phase diagram trajectory is hyperbolic, while if |P | <√
Kprec/Kquad, the trajectory is elliptic and trapped. When
the system is close enough to the separatrix, a small energy
dissipation (i.e. decrease in L1) can lead to an outward ex-
pansion of the separatrix and may cause the system to jump
from the hyperbolic trajectory to the trapped trajectory.
Figure C3 shows the equal-H (simp) contours of the exam-
ple system as its eccentricity e1 is approaching the maximal
eccentricity, where the separatrix lines are the orange dot-
dashed lines. Figure C4 shows the evolution of the system
between t = 3612 Myr and t = 3650 Myr. Passing through
the first and second eccentricity peaks, the separatrix lines
move from the blue dashed lines to the orange dashed lines
and further out to the green dashed lines, and keep moving
outwards due to the energy dissipation. When L1 (hence a1)
is small enough, the separatrix moves to |Pseparatrix | 
√
G1,
and the trajectory becomes a circle, i.e. G1 = constant.
The wiggles in the eccentricity evolution come from the
interaction of GR precession and the quadrupole-order per-
turbation from the other binary. For simplicity, consider the
case where the inclination between the WD binary and the
mutual orbit is close to 90◦, as shown in Figure C5. The mu-
tual orbit is in the x−z plane and the WD binary is in the x−y
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Figure C1. An example quadruple system with a WD binary (0.7 + 0.7M) and a stellar binary (1 + 1M). We include the Newtonian
secular effects up to octupole order, and the 1PN and tidal precession for both inner orbits, as well as the 2.5PN and tidal dissipation
for the WD binary. The upper panel shows the eccentricities of both inner and mutual orbits evolve with time and the lower panel shows
the inclinations between two inner orbits and the mutual orbit. At the end the eccentricity e1 shows the “precession oscillation” phase
while circularizing.
plane with its angular momentum along the +z direction. In
the x − y plane, the average tidal field from the companion
is sketched by the curved arrows. Due to the rapid GR pre-
cession, the inner orbit swings counterclockwise in the x − y
plane, and the tidal field increases its eccentricity when its
apastron is in the xy > 0 quadrants and decreases otherwise.
Thus, the wiggles are on the timescale of half-period of the
1PN precession.
APPENDIX D: SHORT-TERM ECCENTRICITY
CHANGES DUE TO EVECTION
In this appendix, we consider how evection can change the
maximum eccentricity of an inner binary. We work in the
limit where the inner orbit is at high eccentricity, i.e. e1 → 1,
but unlike some past works we allow general outer eccentric-
ity e.
It is convenient here to work with two right-handed
frames. We define an unprimed frame (X,Y, Z) aligned with
the outer orbit: the outer orbit is on the XY -plane, Xˆ is
pointing from centre of mass of the inner orbit mA to the
periastron of the outer orbit, and Zˆ is along the direction of
the angular momentum of the outer orbit. At any time, we
define the vector from mA to the tertiary mB as D, and its
true anomaly as f . We also define a primed coordinate frame
(X ′,Y ′, Z ′) aligned with the mean inner orbit: Xˆ ′ points to
the apastron15 of the inner orbit from the centre of mass
15 We recognize that this is an unusual convention, since anoma-
lies are measured from periastron. However, in the e1 → 1 limit,
mA, and Zˆ ′ along the direction of the angular momentum of
the inner orbit. The tertiary (or the centre of mass of the
companion binary), with mass mB, is orbiting around the
inner system on a much larger orbit. The inclination angle
between the outer and the inner orbit is i. We define the
argument of apastron of the inner orbit as α1 and the ar-
gument of periastron of the outer orbit (relative to the line
of nodes) as g; due to our choice to put Xˆ in the direction
of periastron of the outer orbit, −g is the longitude of the
ascending node of the inner orbit in the (X,Y, Z) frame.
First we average over the inner orbit. The torque ex-
erted on the inner orbit by the tertiary at D is given by
τ =
Gµ1mB
D3
〈
r21
〉
3 sin θ cos θ ˆ̂X ′ × Dˆ
=
15
2
Gµ1mB
a21
D3
sin θ cos θ ˆ̂X ′ × Dˆ , (D1)
where µ1 ≡ m0m1/mA is the reduced mass of inner binary. θ is
the angle between D and Xˆ ′ and r1 is the separation between
the inner binary stars. The rate of the angular momentum
of the inner orbit, written in the Delaunay variables, is thus
ÛG1 = τ = 152 Gµ1mB
a21
D3
sin θ cos θ ˆ̂X ′ × Dˆ . (D2)
the separation vector is almost always in the direction of apastron,
so this choice seems more natural.
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Figure C2. Zoom-in of the final stage of the system shown in Figure C1. Here we show the evolution of eccentricities, inclinations,
argument of periastron of WD binary (g1), semi-major axis of WD binary (a1), and the timescales relevant to the WD binary, respectively.
The components in the (X ′,Y ′, Z ′) coordinates are
ÛG1X′ = 0 ,
ÛG1Y′ = −152 Gµ1mBa
2
1
DˆX′ DˆZ′
D3
, and
ÛG1Z′ = 152 Gµ1mBa
2
1
DˆX′ DˆY′
D3
, (D3)
where DˆX′,Y′,Z′ are components of Dˆ.
In order to obtain the angular momentum oscillation
amplitude during one period of the outer orbit assuming the
inner orbit dissipation is not important, we are interested in
the integrals
IX′Z′ ≡
∫
DˆX′ DˆZ′
D3
dt , and IX′Y′ ≡
∫
DˆX′ DˆY′
D3
dt .
It is then convenient to express the variables in the (X,Y, Z)
coordinates, where Dˆ = (cos f , sin f , 0)T. Using the rotation
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Figure C3. The equal-H(simp) contours of the example system in
Figure C1 as its eccentricity e1 approaches the maximal eccen-
tricity. The orange dot-dashed lines are the separatrix between
the hyperbolic trajectories and the trapped elliptic trajectories.
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Figure C4. The phase diagram of the example system in Figure
C1 between t = 3612Myr and t = 3650Myr. Before and after the
first eccentricity peak, the separatrix lines move from the blue
dashed lines to the orange dashed lines, and the second eccentric-
ity peak moves the separatrix lines further out to the green dashed
lines. Meanwhile, the trajectory transits from the hyperbolic to
the trapped elliptic.
Figure C5. A sketch of the system during its “precession oscilla-
tion” phase. The inner orbit (in blue) is in the x−y plane, with its
angular momentum along the +z direction. The mutual orbit is
in the x − z orbit and exerts an average tidal torque on the inner
orbit, as shown by the yellow arrows. The torque has different
directions in each quadrant of the x−y plane, hence increasing or
decreasing e1 depending on which quadrant the apastron of the
inner orbit is in. As the inner orbit swings around the z-axis for
one cycle, the eccentricity goes up and down twice.
matrices, the components are given by
©­«
DˆX′
DˆY′
DˆZ′
ª®¬ = RZ (−α1)RX (−i)RZ (g) ©­«
cos f
sin f
0
ª®¬
=
©­«
aX′ bX′
aY′ bY′
aZ′ bZ′
ª®¬
(
cos f
sin f
)
, (D4)
where the elements are given by
aX′ ≡ sinα1 cos i sin g + cosα1 cos g ,
bX′ ≡ sinα1 cos i cos g − cosα1 sin g ,
aY′ ≡ cosα1 cos i sin g − sinα1 cos g ,
bY′ ≡ cosα1 cos i cos g + sinα1 sin g ,
aZ′ ≡ − sin i sin g , and
bZ′ ≡ − sin i cos g . (D5)
The integrals of interest are just combinations of the
following integrals
IXX ≡
∫
cos2 f
D3
dt , IXY ≡
∫
sin f cos f
D3
dt , and
IYY ≡
∫
sin2 f
D3
dt . (D6)
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The first integral is evaluated as follows
IXX =
1
na3
∫
cos2 f
(1 + e cos f )3
(1 − e2)3
(1 − e2)3/2
(1 + e cos f )2 df
=
2 f + sin 2 f + e
(
3 sin f + 13 sin 3 f
)
4na3(1 − e2)3/2 . (D7)
Similarly, we have
IXY =
1 + 43 e − cos 2 f − e
(
cos f + 13 cos 3 f
)
4na3(1 − e2)3/2 (D8)
and
IYY =
2 f − sin 2 f + e
(
sin f − 13 sin 3 f
)
4na3(1 − e2)3/2 , (D9)
where the sin 2 f and cos 2 f terms give evection with a fre-
quency twice the outer orbital frequency, and n is the mean
motion of the outer orbit. The integrals of interest are thus
IX′Z′ = aX′aZ′ IXX + (aX′bZ′ + aZ′bX′)IXY + bX′bZ′ IYY and
(D10)
IX′Y′ = aX′aY′ IXX + (aX′bY′ + aY′bX′)IXY + bX′bY′ IYY ,
(D11)
and the angular momentum changes are given by
∆G1Y′ = −152 Gµ1mBa
2
1 IX′Z′ and ∆G1Z′ =
15
2
Gµ1mBa21 IX′Y′ .
(D12)
Since we are only interested in the oscillation of the angular
momentum around its mean (“orbital averaged”) evolution
and the angular momentum components are linear combina-
tions of IXX, IXY, IYY , the oscillatory parts depend only on
the oscillatory parts of the I’s. Subtracting the mean parts,
we obtain
I(osc)
XX
=
2( f − M) + sin 2 f + e
(
3 sin f + 13 sin 3 f
)
4na3(1 − e2)3/2 ,
I(osc)
YY
=
2( f − M) − sin 2 f + e
(
sin f − 13 sin 3 f
)
4na3(1 − e2)3/2 , and
I(osc)
XY
= − cos 2 f − 〈cos 2 f 〉M
4na3(1 − e2)3/2
−
e
[
cos f − 〈cos f 〉M + 13 (cos 3 f − 〈cos 3 f 〉M )
]
4na3(1 − e2)3/2 ,
(D13)
where 〈· · · 〉M represents the time-averaged mean value, or
equivalently the averaged value over the mean anomaly M.
The mean values of the oscillatory parts are zero. Utilizing
the Keplerian relation dM = (1 − e2)3/2(1 + e cos f )−2 df , we
can evaluate the orbit averages
〈cos f 〉M ≡
∮
dM
2pi
cos f = −e ,
〈cos 2 f 〉M = 3 − 2
√
1 − e2 − 2
e2
(
1 −
√
1 − e2
)
, and
〈cos 3 f 〉M = 3e − 4e
(
3 − 2
√
1 − e2
)
+
8
e3
(
1 −
√
1 − e2
)
,
(D14)
so that I(osc)
XY
simplifies to
I(osc)
XY
= − 1
4na3(1 − e2)3/2
[
cos 2 f + e
(
cos f +
1
3
cos 3 f
)
+
1
3
− 2(1 − e
2)
3e2
(
1 −
√
1 − e2
)]
. (D15)
Assuming that the angular momentum oscillation is small,
the eccentricity oscillation is mainly contributed by ∆G1Z′ .
The oscillatory part is
∆G(osc)1Z′ =
15Gµ1mBa21
8na3(1 − e2)3/2
× {(aX′aY′ − bX′bY′) sin 2 f − (aX′bY′ + bX′aY′) cos 2 f
+ e(3aX′aY′ + bX′bY′) sin f − e(aX′bY′ + bX′aY′) cos f
+
e
3
(aX′aY′ − bX′bY′) sin 3 f
− e
3
(aX′bY′ + bX′aY′) cos 3 f
+ 2(aX′aY′ + bX′bY′)( f − M)
− (aX′bY′ + bX′aY′)
[
1
3
− 2(1 − e
2)
3e2
(
1 −
√
1 − e2
)]}
.
(D16)
This can be simplified using the expressions in Eq. (D5) and
trigonometric identities:
∆G(osc)1Z′ =
15Gµ1mBa21
8na3(1 − e2)3/2
{
− cos
2 i + 1
2
sin 2α1
×
[
sin(2 f + 2g) + e sin( f + 2g) + e
3
sin(3 f + 2g)
]
− cos i cos 2α1
×
[
cos(2 f + 2g) + e cos( f + 2g) + e
3
cos(3 f + 2g)
]
− ( f − M + e sin f ) sin2 i sin 2α1
− (aX′bY′ + bX′aY′)
[
1
3
− 2(1 − e
2)
3e2
(
1 −
√
1 − e2
)]}
.
(D17)
D1 Upper Bound
Equation (D17) shows that the inner orbit angular momen-
tum oscillates around its secular value on the timescale com-
parable to the outer orbit period, where f is the fastest-
varying quantity indicating the position of the tertiary. Since
usually the timescales of the precession of both orbits are
longer than the variation of the mutual inclination, we can
obtain a rough estimation of the highest possible eccentric-
ity of the inner orbit using some inequalities to eliminate g
and α1 in order to simplify the calculation.
For the e = 0 case, f − M = 0, we can choose g = 0
without loss of generality, then Eq. (D17) reduces to
∆G(osc)1Z′ =
15Gµ1mBa21
8na3
×(
− cos
2 i + 1
2
sin 2α1 sin 2 f − cos i cos 2α1 cos 2 f
)
.
(D18)
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The amplitude is constrained by∆G(osc)1Z′  ≤ 15Gµ1mBa218na3
×
√(
cos2 i + 1
2
)2
sin2 2α1 + cos2 2α1 cos2 i
≤ 15Gµ1mBa
2
1
8na3
(
1 + cos2 i
2
)
. (D19)
Note that n =
√
G(mA + mB)/a3, we obtain the upper limit
of the amplitude∆G(osc)1Z′ 
µ1
≤ 15
8
( a1
a
)2 ( 1 + cos2 i
2
) √
G(mA + mB)a mBmA + mB ,
(D20)
which is consistent with Ivanov et al. (2005).
For e , 0, we can roughly estimate the upper limit of
the amplitude as∆G(osc)1Z′  < 15Gµ1mBa218na3(1 − e2)3/2
×
[(
1 + e +
e
3
) 1 + cos2 i
2
+ (|e sin f | + | f − M |) sin2 i
+ |aX′bY′ + bX′aY′ |
13 − 2(1 − e2)3e2 (1 − √1 − e2)
]
<
15Gµ1mBa21
8na3(1 − e2)3/2
×
{[
4
3
+
4e
3
− 2(1 − e
2)
3e2
(
1 −
√
1 − e2
)] 1 + cos2 i
2
+ (e + | f − M |) sin2 i
}
, (D21)
where | f − M | < pi. The accurate upper limit of | f − M | can
be derived as follows
f − M = f − (1 − e2)3/2
∫ f
0
df ′
(1 + e cos f ′)2
= f − 2 arctan
(√
1 − e
1 + e
tan
f
2
)
+ e
√
1 − e2 sin f
1 + e cos f
=2 arctan y − 2 arctan
(√
1 − e
1 + e
y
)
+
2e
√
1 − e2y
1 + e + (1 − e)y2
(D22)
(for | f | ≤ pi) where y ≡ tan( f /2) and the maximum is reached
when
y = y0 ≡
√
e + 1 − (1 − e2)3/4
e − 1 + (1 − e2)3/4 , (D23)
or equivalently, when e cos f + 1 = (1 − e2)3/4. In general, we
have∆G(osc)1Z′ 
µ1
<
15
8
( a1
a
)2 √G(mA + mB)a mBmA + mB F(e, i)(1 − e2)3/2 ,
(D24)
where F(e, i) is defined as
F(e, i) ≡ (e + | f − M |y=y0 ) sin2 i
+
[
4
3
+
4e
3
− 2(1 − e
2)
3e2
(
1 −
√
1 − e2
)] 1 + cos2 i
2
.
(D25)
Assuming that the energy dissipation is negligible during
the orbital period of the outer orbit, we can estimate the
local maximum of the eccentricity of the inner orbit due to
evection as
e(bound)1 =
√
1 − (G1 − |∆G1Z′ |)
2
L21
≤
√√√
1 −

√
1 − e21 −
15
8
√
m2
B
a31
mA(mA + mB)a3
F(e, i)
(1 − e2)3/2

2
,
(D26)
where L1 = µ1
√GmAa1 is one of the Delaunay’s variables.
Note that the amplitude upper bound is just a rough esti-
mate and may not be reached for every e.
D2 True evection envelope (TEE)
The upper bound derived above often overestimate the high-
est eccentricity, resulting in over-enhanced merger rates. A
more accurate way to estimate the eccentricity amplitude
due to evection is to find its “true envelope”, i.e. find the
minimum of ∆G(osc)1Z′ in Eq. (D16) for f in [−pi, pi] at each
time step, without using any inequality.
It is important to note that the orbital parameters used
in the above derivation only involve a triple system with
two orbital planes, so that the parameters such as g, α1 are
defined with respect to the intersection line of the two orbits
and i is actually the mutual inclination. These parameters
are not the same as what we use in the main body of this
paper, where the parameters are defined with respect to a
rest coordinate system (with axes x, y, z). To avoid confusion,
we will denote the parameters defined in the triple system
context with a subscript A, indicating that they are defined
for the “inner orbit A - outer orbit” system, while other
parameters follow our convention in the main body of this
paper. We define the direction of the ascending node of the
inner orbit with respect to the outer orbit as ΩˆA ≡ ˆ̂G × Gˆ1.
Now we need to express gA and α1A (i.e. g and α1 in
Eq. D5) in the coordinate system. Since they are both in
[0, 2pi), we need both their cosines and sines. From the defi-
nition, we have
cosα1A = Xˆ ′ · ΩˆA , Gˆ1 = ̂ΩˆA × Xˆ ′ ,
cos gA = Xˆ · ΩˆA , and Gˆ = ˆ̂ΩA × Xˆ . (D27)
In the xyz coordinate, we have
Xˆ ′ = RZ (h1)RX (i1)RZ (α1)(1, 0, 0)T
=
©­«
cos h1 cosα1 − sin h1 cos i1 sinα1
sin h1 cosα1 + cos h1 cos i1 sinα1
sin i1 sinα1
ª®¬ , (D28)
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Xˆ = RZ (h)RX (i)RZ (g)(1, 0, 0)T
=
©­«
cos h cos g − sin h cos i sin g
sin h cos g + cos h cos i sin g
sin i sin g
ª®¬ , (D29)
(D30)
After the cosines are evaluated, their sines are determined
by
sinα1A = ±
√
1 − cos2 gA and sin gA = ±
√
1 − cos2 g1A , (D31)
where the signs should match with the signs of (ΩˆA× Xˆ ′) ·G1
and (ΩˆA × Xˆ) · G, respectively.
Finally the TEE gives the maximal eccentricity at every
step as
e(TEE)1 =
√√
1 − (G1 + min{∆G
(osc)
1Z′ })2
L21
. (D32)
The results of TEE and the “upper bound” are shown
in Figure B6.
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